Integration by Substitution G. Battaly January 25, 2017

5.5 Integration by Substitution

Goals:

1. Recognize an integrand that is the
derivative of a composite function.

2. Generalize the Basic Integration Rules to
include composite functions.

3. Use substitution to simplify the process of
integration of composite functions.

Study 5.5, # 1-5, 9, 13-27, 35, 39,
49-59, 63, 69, 71, 81

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page ) Homework
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2.4 Chain Rule: Derivative of Composite Functions
: B Revisit, from2.4:
If:
1) y =f(u) is a differentiable function ofu, and
2) u=g(x)is a differentiable function ofx,
then
y =f(g(x)) is a differentiable function of x, and
Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution
Use the Chain Rule
G: y=(xz2+2)10 F: dy/dx

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page ) Homework
&

5.5 Integration by Substitution
Use the Chain Rule

G: y=(x2+2)10 F: dy/dx

dy/dx = 10 (x2 + 2)® (2x)
dy/dx = 20x (x2 + 2)°

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution ‘

y = (X2 + 2)10 dy/dx = 20x (x2 + 2)°
Complete the table dy/dx

y=(2x+ 1)

y = sin(x?)

dy/dx = 2 cos(2x+1)
y = tan(x?)
dy/dx = 3x2 sec?(x3)

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page Homework
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5.5 Integration by Substitution \

y = (x2 + 2)10 dy/dx = 20x (x2 + 2)°
Complete the table
dy/dx
y=(2x+ 1) dy/dx = 6 (2x+1)2
y = sin(x?) dy/dx = 2x cos(x2)

dy/dx = 2 cos(2x+1)
y = tan(x?) dy/dx = 2x sec?(x?)
dy/dx = 3x2 sec?(x3)

1. All derivatives here use the Chain Rule to find the derivative
of composite functions.

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution

y = (x2 + 2)10 dy/dx = 20x (x2 + 2)°
Complete the table
y dy/dx
y=(2x+ 1) dy/dx = 6 (2x+1)2
y = sin(x?) dy/dx = 2x cos(x2)

dy/dx = 2 cos(2x+1)
y = tan(x?) dy/dx = 2x sec?(x?)

dy/dx = 3x2 sec?(x®)

Derivative of the primary function.
Derivative of the nested function.

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution Wﬁ%
eme Trthe am Ru

Complete the table

y=(2x+1)3 dy/dx = 6 (2x+1)?

y = sin(x?) dy/dx = 2x cos(x?)

y =sin(2x+1) + ¢ dy/dx = 2 cos(2x+1)
y = tan(x?) dy/dx = 2x sec?(x?)
y =tan(x®) + ¢ dy/dx = 3x2 sec?(x®)

Derivative of the primary function.
—— Derivative of the nested function.

2. To find the integrals of functions that are the derivatives of
composite functions, the integrand requires the presence of the
derivative of the nested function as a factor.This is the reverse
process of the Chain Rule.

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution

J -9 209dx 4,2

| 2x (x2 - 9)3 dx

Class Notes: Prof. G. Battaly, Westchester Community College, NY

__Calculus Home Page

a rdHomework
5.5 Integration by Substitution
I u-= X2 = 9
X2 - 9)3 (2x)dx
( )? (2 du = 2x dx
_[ us du u substitution

us4 + ¢
4

(x2-9)}4 + c
4

| 2x (x2 - 9)3 dx
same as original

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution

,[XZ\/X3+1 adx u=s___

du

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution

[xea+Tdx  u=x+

1 ¢ du = 3x2dXx
3] (x3+1)% 3xadx
A U” du
3.
3/2 3/2
T U+c =2(c+1) "+ c
3 9

2

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution

f 2 sec 2x tan 2x dx
du

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution

Jgsec 2x tan 2x dx u=2x
o du = 2 dx

f sec u tan u du

secu +c

sec 2x +c

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution =

I sec 2x tan 2x dx u=
du

Class Notes: Prof. G. Battaly, Westchester Community College, NY

L‘:Ca]culus Home Page EH omework
5.5 Integration by Substitution
j u=2x
sec 2x tan 2x dx
du =2 dx
1 .
V2 | sec 2x tan 2x 2dx
1 .
V2 ) secutanu du
y
2 Secu+tc
1
V2 sec2x +c
Class Notes: Prof. G. Battaly, Westchester Community College, NY
3‘Calculus Home Page @ J—Iomework
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5.5 Integration by Substitution

jsinxcosxdx u=
du =

Class Notes: Prof. G. Battaly, Westchester Community College, NY

ECalculus Home Page EHomework
5.5 Integration by Substitution
Isinxcosxdx u = sin x

du = cos x dx

Iudu

u? +c
2

Y% (sin x)2 + ¢

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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I sSin x cos x dx

5.5 Integration by Substitution

U = CoS X
du =

Class Notes: Prof. G. Battaly, Westchester Community College, NY

3‘Calculus Home Page EHomework
5.5 Integration by Substitution
Sin X cos x dx U = COS X

-] - sin x cos x dx

-Judu

-u2 +c
2

-5 (cos x)2 + ¢

du = - sin x dx

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution
j Sin x cos x dx
% | 2si
2 ) 2sin x cos x dx

Y j sin 2x dx

Trig Identity: c

sin 2x = 2 sin X cos X

u=2x
du

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page
a8

Homework
3\

5.5 Integration by Substitution
f Sin x cos x dx
V2 I 2sin x cos x dx
% [ sin 2x dx
%% [ sin 2x 2dx
VZ I sin u du
-V4 cosu+c

Y4 cos2x + ¢

Trig Identity:
sin 2x = 2 sin X cos X

u=2x
du =2 dx

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page
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5.5 Integration by Substitution

I Sin X coS X dx

3 solutions look different, but they are
equivalent, different only by constants

Y% (sin x)2 + ¢4

-7% (cos x)?2 + ¢,

-Y4 cos 2x + Cj

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page

3

Trig Identity:
sin 2x = 2 sin X cos X

omework
3‘

5.5 Integration by Substitution

Rules of Integration

[ kdx=kx+c

Jurdu= u’+c¢
n+1

Jevdu= ev+¢

Jdu=In|ul+c
S u
Jsinudu=-cosu+c

Jcosudu= sinu+c

Isecutanudu= secu +c

Isec2u du= tanu+c

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page
a3
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5.5 Integration by Substitution g e Integration
u =

I (x+1)\/2-xdx —
du =

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page Homework
é &

5.5 Integration by Substitution _Rules Integration

I(x+1)\/2-xdx u=2-x
- (x+1)(2 - )% () dx du=-dx

Note: x+1 is neither part of u nor du, but we need to
convert all x to u before continuing. The conversion of
x+1 to a function of u must be consistent with u=2-x:

u= 2-xX; so x= 2-u, and x+1=2-u+1 = 3-u
-j (3-u)(u)% du = - j (3u%- u¥2) du

== 3u32 + ys2+ ¢

32 52
= - 2(2_X)3/2 + 2(2_)()5/2 +c
5

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Homework
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5.5 Integration by Substitution
#38

IX2 eX’ dx u=__

du

Class Notes: Prof. G. Battaly, Westchester Community College, NY

_Rules Integration
u.

__Calculus Home Page Homework
‘ o
5.5 Integration by Substitution @Rules Integration
I x2 eX°dx u=x2
du = 3x2 dx

1/3] eX’ 3x2 dx

1/3f ev du

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution
# 32

J

X
2+ 4 ax

Class Notes: Prof. G. Battaly, Westchester Community College, NY

_Rules Integration
u.

du

2X
2+ d dx

1/ du_
y

Al

alnlu|+c

aln|x2+4|+c

Calculus Home Page

_Calculus Home Page Homework
‘ o
5.5 Integration by Substitution 5 Ules Integration
# 32
X
= Y2+
du = 2x dx

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Yoln (x2+4) + ¢

Homework
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5.5 Integration by Substitution g Ules Integration
# 60
1 —
u =
-X2
j xe” dx
0 du =
Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page Homework
& 7 ]
5.5 Integration by Substitution
#60 1 u=-x?2
-X2
,[Oxexdx du = -2x dx
A Limit X u=-x2
-X2
45} 6% (-2x) dx L 0 0
uL 1 -1
o1
-72), ev du
1 IO 1 0 1
Vs , e du =2ev| =)z[el-e 7]
) -1
=) [1-1/e] =e -1
2e
Class Notes: Prof. G. Battaly, Westchester Community College, NY Homework
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_Rules Integration

5.5 Integration by Substitution 3
#82 G: A bacteria population starts with 400 bacteria and
grows at the rate in bacteria/hr as noted below.
r(t) = (450.268)e1-125673t

F: How many bacteria will there be after 3 hours?
Amt after 3 hours = original amt + net change

Class Notes: Prof. G. Battaly, Westchester Community College, NY

_Calculus Home Page Homework
3 3

5.5 Integration by Substitution
#82 G: A bacteria population starts with 400 bacteria and
grows at the rate in bacteria/hr as noted below.
r(t) = (450.268)e1 125673t

F: How many bacteria will there be after 3 hours?
Amt after 3 hours = original amt + net change
Ain 3hr = 100 + net change

j3 u=1.125673t
. (450.268)e1-125673t dt du = 1.125673 dt
450.268 3
112567 A e1.125673t (1,12567)dt
3.377019
?5102233 ou du = 450.268 eu:l3'31701119313.309
_ 0 112567 ~ _|

Ain 3hr =100 + 11313 =11413 bacteria after 3 hours

Class Notes: Prof. G. Battaly, Westchester Community College, NY

__Calculus Home Page Homework
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Rules Integration
1]

5.5 Integration by Substitution

# 60 ] u=-x2
[xer :
, Xe dx du = -2x dx
1 Limit x u=-x2
-X2
-%JO e” (-2x) dx LL 0 O

uL 1 -1

-%,[0-1 ev du

0 0
%I , € du =)z2ev| =)z [el-e"]
- 41
=)[1-1/]=¢e-1
2e

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Homework
Calculus Home Page [ ]

a

~Rules Integration

5.5 Integration by Substitution 8

f C(ax0e) M

NY
Homework
Calculus Home Page a

a

Class Notes: Prof. G. Battaly, Westchester Community College,
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5.5 Integration by Substitution
I 2
gy (2x 1) 4
LS — ¢
8 J,=— U=y +|
3
J_ = 1 m: gX M’
§ W _du | U= |
X=2 =0l o+ | =
(b (e
2 (Z—F ) le\a(bﬂ:s
_Louw -3t
R §13 3
({
-l ) M4 =
b 7?[9\ d ¥ F st
| A P(;lga:s Notes: Prof. G. Battaly, Westchester Community College‘e;l_\l’omework

5.5 Integration by Substitution

[ 4

X

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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5.5 Integration by Substitution

-~

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Homework
_Calculus Home Page 1

3
u =+
J-j‘ m % b= Yx et
1» | +2X"
X = [+2¥¢
g -

5.5 Integration by Substitution

V3

d’)"— Jox® 1ox> gy

LSS w= | +%

j,za j/ox([ﬂd A s
—Lb_j ln?)‘%x&t

3

Solve the diff eq; %‘i __fox® QXTW%

_Rules Integration
a

+Q =6(__

\! \/L
- /0 A —
R
b N
:!-3;-. X tes %O,g %
N
Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page ~ Homework
& a
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5.5 Integration by Substitution

ﬁ% 5@ b)) “a(ei)dy
Ve

:-LQS UCA"OQMV - ‘L.kL.
&

R A

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page Homework

n= X‘Z—S/)(“’l

Solve the diff eq: ityg x-
%x X+ | 6&5(3"'@"0%
=a(x~9) ¥

+Q“~O

5.5 Integration by Substitution

f&) Q x\ v
J)= 35 v T

LN 3 = ="/’£_\-C
ORI
= [— —a;_!_:_-/iLz-—‘S——
c=7 -7 =%

Ik
3
?

3/
\+

el

‘g(x)

__Calculus Home Page

_ Rules Integration

Solve the diff eq, and find the equations thru (2,7):

g’w:—axw N
u= %=X
(w 5 ax () 2L du= ~H

Class Notes: Prof. G. Battaly, Westchester Community College, lﬁé)mework
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