1st and 2nd Derivative Tests: Extrema, Concavity November 24, 2019

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
Goals:
1. Understand how the sign of the derivative of a
function relates to the behavior of the function, re:
increasing or decreasing.
2. Use the First Derivative Testto determine relative
extrema.

3. Understand how the sign of the 2nd derivative of a
function relates to the behavior of the function, re:
concave up or concave down.

4. Determine intervals where a function is concave up
or concave down.

5. Find Inflection Points of a curve.

6. Use the Second Derivative Testto determine
relative extrema.

Study 4.5 # 195, 197, 201, 203, 209-213,
221-229, 234, 237
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
Find: Intervals where function is increasing or decreasing.
Consider [-3,5]

Increasing Decreasing

Consider [-8,6]
‘ ) \_/‘/ Increasing | Decreasing

| —— Consider [-2,3]

i / Increasing Decreasing
T T T .
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
Find: Intervals where function is increasing or decreasing.

N Consider [-3,5]

Increasing | Decreasing

(03) |3 0)

TN P T ] (';,()

Consider [-8,6]

Increasing | Decreasing

(-5, | (a,0)
(k,6) | (0,0)

Consider [-2,3]
Increasing Decreasing
= - R 1] 1 2 4 5 ! (_ 1 I 3)
14
—
24
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
Can we tell if a function is increasing or decreasing, if we

do not see it's graph? How?
Is there a way to test for increasing or decreasing?

Hint: Consider the slope of the tangent line.
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Conclude:
Yes. We can tell if a function is increasing or decreasing, if we consider
the slope of the tangent line. In particular we need to look

at the sign of the slope. Is it positive or negative?

How can we examine the sign of slope of the tangent line?
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Conclude:
Yes. We can tell if a function is increasing or decreasing, if we consider
the slope of the tangent line. In particular we need to look

at the sign of the slope. Is it positive or negative?

How can we examine the sign of slope of the tangent line?

1. Find the derivative.

2. Determine the intervals where
the derivative is positive.
and where it is negative.
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Test for Increasing & Decreasing Functions

Let f be a function that is continuous on [a,b],
and differentiable on (a,b), then:

1. If f'(x)> 0 forall x on (a,b),

then f is increasingon [a,b]

2. If f'(x) <0forall xon(a,b),

then f is decreasingon [a,b]

3. If f'(x) =0 forall xon (a,b),

then fis constant on [a,b]
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Find the intervals where y is increasing and
intervals where y is decreasing. y =- (X - 1)
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

el S ey e 1y dofned?
2. x wheny' =07

L(’;L. = — 2x- P [/) 3. x when y' dne?
Z
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CM:I © Ly x-120 g eXishy
9&&*- @ Ay 0 %=\ N, o
1 Tabular
éeo,l) ( (,°°) representation of

test S Q 2 the n_umber line,
the sign of the
X-| - -+ derivative, and
—_ the incr or decr

.L(’;,’L = —2(x- n  + status of the
i l& incr decr function

y incr. on (-o0, 1)
y decr.on ( 1,00 )
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Find the intervals where y is increasing and
intervals where y is decreasing. 'y = X4 - 2x2
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Find the intervals where y is increasing and /
intervals where y is decreasing. 'y = x4 - 2x2 I ="
k3 - L)
A A= Y (- 1) = Pl )ot1)
AN . - =1 D | other CNs? No.
chs X= .l- /., o | dy/dx exists for all x
6-0-1)[(1,4(3,n\' (',"J\
X |- ik 1A i
X~ T-T+ T+
XH - I+ T
X-1 |- |-]-1|+
e — fr—
~ |+
decr [ 1ngr
(2,9)
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/
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
Wow! We can use this approach to determine max and mins!

The First Derivative Test for Relative Extrema

Let ¢ be a Critical Number of the function f that is continuous
on the open interval I containing c. If fis differentiable on the
interval, except possibly at ¢, then f(c) can be classified as:

1. a relative min, if f ' (x) changes from /
negative to positive atc. \/ \\

2. a relative maximum, if f ' (x) changes from \
positive to negative atc¢ /\ /

3. neither a max nor a min if f' (x) is
positive on both sides of ¢ / / /
or negative on both sides of ¢ \ \ /

\
\
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Find Relative Extrema of a continuous function using intervals and the First Derivative Test

1. Find critical numbers [f defined and f '(c) = 0 or f '(c) undefined]

2. Determine intervals for evaluation of f ' and begin the interval table:
a) Locate the critical numbers along a number line containing the domain of the function
b) Determine the intervals, using the critical numbers as endpoints.

3. Continue the interval table by:
a) Selecting a test value for each interval.
b) Write f '(x) in factored formin the first column.
c) For each interval, find the sign of f '(x) by determining the number of negative factors.

4. Determine whether f(x), the original function, is increasing (when f '(x) >0) or
decreasing (when f'(x) <0) on each interval.

5. The critical value for which f(x) is increasing to the left and decreasing to the right
is a relative max. /\

6. The critical value for which f(x) is decreasing to the left and increasing to the right
is a relative min. \/

7. Find the corresponding f or y value for each critical value determined to be a
relative max or min, and write the ordered pair (c,f(c)).
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

G: f(x) =x? +8x + 10 F: a) CNs,b) interv inc, decr, c) rel.extrema

step-by-step: 1st Deriv Test
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

G: f(; (=x2 j 8x + 10 2_F: a) CNs, b) inter inc, decr, c) rel.ex

(co-9) ¥ (~4,~2)
X 3 o)

{ x=x44)
/{(‘x)

/?.l\;
N\
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dy/dx exists for all x

-+ v '8
. {(#)-(7)#-864%
Z/6-3+10

v

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

relative extrema

3 —
{( Y)z x —_ éXL+/ $ F: intervals where f is incr, decr
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

2 3+ _ F: intervals where f is incr, decr
{ ( X)= X — 6X +15 relative extrema
/Kﬂ-l)= 4 =9¢ 5= -6

ZI(X)ZSX?LIAX | e2d o, Tey )
- x| = [ 5

CWNs {'/xho”" 3x| - T —
Y — T
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

~ Compare f(x), f'(x), f"(x)
. Graph of function &
Consider: Y= x3-X Ist Derivative: graph, slope of, relate to y?
2nd derivative: graph, relate to y?

Calculus ~ Prof G. Battaly, Westchester Community College g

&

omework

© G. Battaly 2019



http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/4_5_1st_2ndDeriv_tests.htm
http://www.battaly.com/calc/geogebra/derivative_rules/
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/4_5_1st_2ndDeriv_tests.htm

1st and 2nd Derivative Tests: Extrema, Concavity November 24, 2019

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

o Graph of function
Consider: y=x>-x

Ist Derivative: graph, slope of, relate to y?

2nd derivative: graph, relate to y?
2
= 3 X— l

Compare f(x), f '(x), f "(x)
a
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Graph of function
1st Derivative: graph, slope of, relate to y?
Consider: y=x3-x

2nd derivative: graph, relate to y?
2
2 3x—

%{: (X

Compare f(x), f'(x), T"(X)

@

Calculus  Prof G. Battaly, Westchester Community College
a

Homework
a

© G. Battaly 2019 10


http://www.battaly.com/calc/geogebra/derivative_rules/
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/4_5_1st_2ndDeriv_tests.htm
http://www.battaly.com/calc/geogebra/derivative_rules/
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/4_5_1st_2ndDeriv_tests.htm

1st and 2nd Derivative Tests: Extrema, Concavity November 24, 2019

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
How does the 2nd derivative relate to original function?

15]

cu
concave up

X -X
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

What abouty = x3 ?

dv =
dx

d2 - 14
dx2 ‘ . ‘ . ; 0
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Change f(X) to x? ™
3 co
concave down concave up
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

What abouty = x3 ?

dv =
dx

~ Compare f(x), f'(x), f"(x)

a cb cu
concave down concave up
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

How does the 2nd derivative relate to original function?

What abouty = x3 ? 4.

When d2y < 0 ?
dx?2
theny is 11

When d?y > 0 ?

dx2
cDh
concave down
theny is
cu
concave up
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

What abouty = x3 ? 4

3

When d?2y < 0 ?
dx?2
theny is

CcD
concave down 1

How does the 2nd derivative relate to original function?

When d?y > 0 ?
dx?

cu

theny is concave up

Similar to previous example.
Even though no relative extrema,
it is still c.u. when x>0 )
and c.d. when x<0.

l.‘l ‘_‘
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Definition of Concavity

graph of fis:

or when f'' (x) >0

Calculus
5 ] a

Let f be differentiable on an open interval . The

concave upward on | if f' is increasing on |

concave downward on | if 'f' is decreasing on |

or whenf' (x) <0
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema ,
Step by step: on-line
a

L

2nd Derivative Test for Relative Extrema

Let f be a function, with
f'(c)=0and (horizontal slope)
f "(x) continuous on open interval containing c

1. If f"(c)> 0, then f has a local Min at (c, f(c))
Ccy

¢

2. If £"(c) <0, then f has a local Max at (c, f(c))
AR

CD
1. If £"(c) =0, then the test fails

_ Calculus  Prof G. Battaly, Westchester Community College  {yomework
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
Step by step: on-line

2nd Derivative Test for Relative Extrema: Step by Step

1. Find f'(x) and values of c where f'(c) =0 [not quite critical numbers -
does not include f '(c) undefined]

2. Find f"(x). Is it continuous at c? Test only valid when continuous.
3. Find the sign of f "(c) for all c.
4. Determine the relative extrema using the Second Derivative Test:
a) If f"(c) > 0, then f is concave up and f(c) is a relative min
b) If f "(c) < 0, then f is concave down and f(c) is a relative max

c) If f"(c) = 0, then the test fails. (consider an Inflection Point - a
point where concavity changes)
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Calculus Prof G. Battaly, Westchester Community College Homework
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8

_Step by step: on-line

L&

y =x3-X F: Rel. extr, 2nd derivative test

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

G- L&: XE‘X F. Re| extr, dery fesT
3 h
%: X _x %‘-1[ - 3)( |
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Example: G: h(x)=x3-5x+2
F: open interval where c.u. and c.d.

_ Calculus Prof G. Battaly, Westchester Community College  jomework
a

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Example: G: h(x)=x5-5x+2 =~/ #§ #2
F: open interval where c.u. and c.d. need h"(x)

h'/\z) = s’y‘/- = E(XY-/):S'(XZ‘*/YKL/)

klf\T I\C‘I I:n rnn

"@’ f’_X'ILf CNix=t|

VEi< g - EX (1) A ek
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Definition of Point of Inflection
Let f be a function that is continuous on an open interval and let c be
a point on the interval. If the graph of f has a tangent line at this
point (c,f(c)), then this point is a point of inflection of the graph of f if
the concavity of f changes from upward to downward (or downward
to upward) at the point

Inflection Point at (c,f(c))
1. fcontinuous
2. fhas a tangent line
3. concavity changes
(f" changes sign)

If (c,f(c)) is a point of inflection of the graph of f, then
either /""(c) = 0 or f"'(c) does not exist at x = c.

Calculus  Prof G. Battaly, Westchester Community College Homework
i Class Notes: Prof. G. Battaly, Westchester Community College, "é

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema Inflection Point at (¢,f(c))
1. fcontinuous
2. fhas a tangent line
Example: G: f(x)=2x3-3x2-12x+5 3. concavity changes
(f" changes sign)
F: IP

ECompare f(x), f'(x), f"(x)
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Example:

Z’(x)“— X = bx -1

{'fx)= JaX ~¢

=e(X=x-a) on: x=-1,2
= 5()(‘1)6(# [> but not required for IP

-~ ]
ocs 1 vk (x)=o
A (Q){ = {\ () - 4 |
e =)
2 x=1=0 =2 L o—
3 X S \
X =1/2?i pos;s\ible IP ! " ( [) - +
need to show change in concavity 'g = ;IX'
[change in sign of f "(x)]
3 _ /1 \* ) ed|C.W
(G285 ) 1]
- L _ 73 é +5
—_— — —_— "/ «3/3 -—
) ¢ 3 k’ | " <7\} — .)Jr)
Z=2-b =<' -3
}‘;d’ - Y /, >
Caleulus Prof G. Battaly, Westchester Community College
a
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Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page

Problems for 3.4

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Example: G: f(x)=2x3-3x2-12x +5

F. G RelFﬁt )‘dbeﬁv.nst

Z,(X): é)(l*é)( — | = 4(3();)(-&

-{ )

= Jax~¢
B 4(&)(‘(\

= 5()(‘1)6(#1)

3N\ —
’;”\),aj LP

CN: x=-1,2
but not required for IP

é CX\D\)()@/): 0
O(‘Q)(X-f {\C )

X=a%0 X+1=Q)
A3 Y- |

2]
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

el Exfr. )“’b(ﬁv. Test
Example: G: f(x) =£2x3-3x2-12x +5

F:- G
’ —l/ —3/ vl
‘()= é)( bX —| = ¢ X—A\ ..(o\),aﬁ L\O
{/x Jax—c  TEX-2000) oy e
= é(Qx ‘\ but not required for IP
¢ (X‘&)(Xv/\: 0
(Y"Q)(B(-ﬁdt

X=a3o X+159
X veo|

Xtal )/;*I
-3

(@) rRke | pi B /1//2+
m-‘ NN {\2 3_f/9+> /.,?

Prof G. Battaly, Westchester Community CoIIege Homework
!Calculus

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

Theorum: Points of Inflection

If (¢,f(c)) is a point of inflection of the graph of £,
then either:

f"(c)=0 or f'" doesnotexistatx =c

haw?

Consider: y = X3 and y = x2/3
has IP no [P

uChange f(x) to x*(1/3)

~ Calculus  Prof G. Battaly, Westchester Community College  pyomework
u‘
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

change in concavity from
concave up to concave down

Caleulus Prof G. Battaly, Westchester Community College Homework

3 )

Theorum: Points of Inflection A
If (¢,f{c)) is a point of inflection of the graph of f, ‘7 =X
then either: L -,
M - /3)(
a8 _
f"()=0 or f" doesnotexistatx =c It 2 ‘j/ﬁ
"& =X
r 9
how? i .
1A%
| 0,0 (xw /‘fﬁ >0 cu
Consider: ( /) ) [ LI/ 0 cu
y = x5 is 1P 0, 4 L <0 cd

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
Theorum: Points of Inflection
If (¢,f(c)) 1s a point of inflection of the graph of £,
then either: ‘ﬂ/
=X
f"()=0 or f" doesnotexistatx =c ,_Q 5 2 é
=3 %
how? ﬁ gy ~ 2.7
e 9 X
Hy o =2
Consider: A - ? X’S’
(69 (xody <0
V\O* 1P x>0, %ﬁk <0 cd
no change in concavity
';Calculus Prof G. Battaly, Westchester Community College Homework
(= {.!.
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
4 3
226. f(x) =x" —6x

For the following exercises, determine

a. intervals where f isincreasing or decreasing,

b. local minima and maxima of f,

C. intervals where f is concave up and concave
down, and

d. the inflection points of f.

Change f(x) to x*(1/3)
a

Class Notes: Prof. G. Battaly, Westchester Community College, NY

__Calculus Home Page
¢ Calculus  Prof G. Battaly, Westchester Community College
3

Problems for 3.4

8 Hﬁmework

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

226. f(x) = x*—6x>

[ (<l =d%T = gy "= (21 -9)

1 .
)= lax - DX i EVIX=0, %
=Jax(x-3) (ussTk
x=0°5
o 2 uz

test -~ | ( o

f'(x)=2x3(2x-9) _ -

5
0 &g At —pher

\ A
frx)=12x(x-3) | — —l—\—/ (972,___)

—+ relMIN
W ghod ol o
(0,_) I(g_)
IP
‘{Changef(x)tox"(1/3) (0,0)lp (3,-81 P (9/2,-1367)'

“ Caleulus  Prof G. Battaly, Westchester Community'Callege * Homework rel.MIN
a

A

© G. Battaly 2019 21


http://www.battaly.com/calc/geogebra/derivative_rules/
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/hw/ch3s4a.htm
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/4_5_1st_2ndDeriv_tests.htm
http://www.battaly.com/calc/geogebra/derivative_rules/
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/4_5_1st_2ndDeriv_tests.htm

1st and 2nd Derivative Tests: Extrema, Concavity November 24, 2019

4.5 Increasina. Decreasina. Concavitv. and Tests for Extrema
For the following exercises, analyze the graphs of f,

then list all intervals where f is increasing or decreasing.

P
54

a4+

34

Class Notes: Prof. G. Battaly, Westchester Community College, NY
. Calculus Home Page Problems for 3.4

@ Calculus  Prof G. Battaly, Westchester Community College h%mework
3 ]

4.5 Increasina. Decreasina. Concavitv. and Tests for Extrema
For the following exercises, analyze the graphs of f”,

then list all intervals where f is increasing or decreasing.

f(x) decr :incr: incr:decr: incr

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page Problems for 3.4

3 Calculus  Prof G. Battaly, Westchester Community College h%mework
3 &
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November 24, 2019

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema
For the following exercises, analyze the graphs of f’,

then list all iriiterva:ls whére f is increasing or decreasing.

F: which represent relative extrema?

MIN

__Calculus Home Page

Calculus Prof G. Batt

f(x) decr incr: Dcr deor ine,
(-2,_) ©_) (1,_) Do not know the y-values
R,el_ ,\R/l?,_\lx R; Need the function itself to

Class Notes: Prof. G. Battaly, Westchester Community College, NY

‘decr. incr

find the y-values
MIN

Problems for 3.4

aly, Westchester Community College H%mework

3 3

4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

For the following exercises, analyze the graphs of f7,
then list all inflection points and intervals f that are

concave up and concave down.

slope of f '(x)

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page

) Calculus

Problems for 3.4

Prof G. Battaly, Westchester Community College h"%mework
3‘

To determine the sign of
f"(x), need to look at

© G. Battaly 2019
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4.5 Increasing, Decreasing, Concavity, and Tests for Extrema

For the following exercises, analyze the graphs of f7,
then list all inflection points and intervals f that are

concave up and concave down.

(-inf,0) : (0, inf)
slope of f'(x - i+
:pf "(X) ( ) (0,0) is I.P.
: change in concavity fr.
f(x) c.d. c.u concave down to concave up

Class Notes: Prof. G. Battaly, Westchester Community College, NY
__Calculus Home Page Problems for 3.4

% Calculus  Prof G. Battaly, Westchester Community College
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