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Goal:

1. Understand how variables change
with respect to time.

2. Understand "with respect to".
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4.1 Related Rates Goal: Understand how variables
change with respect to time.

pour cement What variables are
_highrise changing?
B with respect to
what?

w0} joadses m Buist . .
ouwn 01 padses m Buseasap | pour cement high rise

Homework

Class Notes: Prof. G. Battaly, Westchester Community College, NY @ ; Homework
Calculus Home Page

Extra Problems
I |

4.1 Related Rates Refer to problems # 24 - 27

For the following exercises, consider a right cone that is
leaking water. The dimensions of the conical tank are a

height of 16 ft and a radius of 5 ft.
What is common to all these problems?

25. How fast does the depth of the water change when the
water is 10 ft high if the cone leaks water at a rate of 10
ft*/min?

26. Find the rate at which the surface area of the water
changes when the water is 10 ft high if the cone leaks water
at a rate of 10 ft>/min.

27. 1f the water level is decreasing at a rate of 3 in./min
when the depth of the water is 8 ft, determine the rate at
which water is leaking out of the cone.
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4.1 Related Rates
Refer to problems # 24 - 27

. geogebra: Related Rates
What is common to all these problems?

A
oA
rate of change of distance with respect to time
dx dy
dt dt
. . av
rate of change of volume with respect to time =
t
rate of change of area with respect to time d4
dt
Class Notes: Prof. G. Battaly, Westchester Community College, NY Homework
Calculus Home Page {.‘

) Extra Problems
'K

4.1 Related Rates

PREVIOUS DISTANCE, VELOCITY, ACCELERATION
were functions of time s(t), v(t), a(t)
Definition Ch. 3.4 Rates of Change

Let s(¢) be a function giving the position of an object at time ?.
The velocity of the object at time ¢ is given by v(¢) = s’ (¢).
The speed of the object at time ¢ is given by [v(?)|.

The acceleration of the object at ¢ is given by a(¥) = v’ () = s"(¥).

RELATED RATESARE DIFFERENT FROM PREVIOUS

-NOT functions of time
-ARE DERIVATIVES WITH RESPECT TO TIME

of other variables

geogebra: Related Rates

Class Notes: Prof. G. Battaly, Westchester Community College, NY Homework
Calculus Home Page !
K
Extra Problems
£ |

© G. Battaly 2019


http://www.battaly.com/calc/geogebra/relatedRates/
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/hw/ch2s6.htm
http://www.battaly.com/calc/homework/4_1_relatedrates.htm
http://www.battaly.com/calc/geogebra/relatedRates/
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/hw/ch2s6.htm
http://www.battaly.com/calc/homework/4_1_relatedrates.htm

Related Rates G. Battaly November 13, 2019

4 1 Related Rates

HOW do we find DERIVATIVES WITH RESPECT TO TIME
of other variables? From 3.8: implicit diff. with Chain Rule

G: xy=6 F: dy/dx at (-6, -1)

. &
x-j—z+y-1:0 4
y _ Y oL
dx x =L 2
o U
A B L R

(¢, ) T i“}:%;“\

How can we interpret dy/dx = -1/67
slope of tangent line at (-6, 1)

PR e reers 1

Related Rates: DERIVATIVES WITH RESPECT TO TIME
INSTEAD OF WITH RESPECT TO X

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page Homework Extra Problems
G I |

4.1 Related Rates

Related Rates: DERIVATIVES WITH RESPECT TO TIME
INSTEAD OF WITH RESPECT TO X

When rate of change is with respect to time instead,
how do you decide what variables to use?

How do you proceed? Example:

An airplane is flying at an altitude of 5 miles and passes directly over a radar
antenna. When the plane is 10 miles away, the radar detects that the distance S
is changing at a rate of 240 miles per hour. What is the speed of the plane?

G: altitude 5 mi;
when plane 10 mi away, S changing at 240 mph

F: speed of plane

rate of change with respect to time

geogebra: Related Rates
&

6. Check:

Did you include units? Yes
Does the answer make sense? Yes. dH/dt is directly proportional to S and inversely prop. to H, so it should be larger than dS/dt.
If there were angles involved, did you use radians? No angles

Homework @
&
Class Notes: Prof. G. Battaly, Westchester Community College, NY
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4 1 Related Rates

Related Rates
1. ldentify: a "given" rate, a "to find" rate, other conditions.
2. Determine the relationship (equation) between the "given" and
the "to find". Use a diagram, if possible, or known formula.
3. If possible, use the given information to reduce the number of
variables.
4. Differentiate implicitly with respect to time. This always
involves the chain rule. For example,
av = dVv dr or dy = dy dx
dt dr dt dt dx dt
5. Substitute the given values and solve for the unknown rate.
6. Check: * Did you include units?
* does the answer make sense?
* If there were angles involved, did you use radians?

step-by-step
a8

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Calculus Home Page
¢ Homework

Extra Problems

4.1 Related Rates geogebra: Related Rates
l"
An airplane is flying at an altitude of 5 miles and passes directly over a radar antenna.
When the plane is 10 miles away, the radar detects that the distance S is changing at a rate
of 240 miles per hour. What is the speed of the plane? ) )
1. Identify: a "given" rate,
G a "to find" rate, other variable]
2. Determine the relationship (equati
between the 'given' and the 'to find}
F - Use a diagram, if possible, or kno
3. If possible, use the given inform:
to reduce the number of variable
(Not needed here.)
4. Differentiate implicitly with res|
This always involves the chain
5. Substitute the given values and
solve for the unknown rate.
6. Check:
Did you include units? Yes
Does the answer make sense? Yes. dH/dt is directly proportional to S and inversely prop. to H, so it should be larger than dS/dt.
If there were angles involved, did you use radians? N
Homework ®
) Class Notes: Prof. G. Battaly, Westchester Community College, NY g
;(,alculus Home Page Extra Problems
‘ 1
[
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4.1 Related Rates

__ geogebra: Related Rates

An airplane is flying at an altitude of 5 miles and passes directly over a radar antenna.
When the plane is 10 miles away, the radar detects that the distance S is changing at a rate
of 240 miles per hour. What is the speed of the plane?
G: altitude 5 mi; h:ispsediofiplang

when plane 10 mi away, S changing at 240 mph

1. Identify: a "given" rate,

6. Check:
Did you include units? Yes
Does the answer make sense? Yes, drbdu s diretly proportionsl o $ and invetsly prop. 1o H, s tshould b lrger than dS/dt.
If there were angles involved, did you use radians? No angles ~ @H _ 5 ds

das
=== >—smceS>Hund—>1
dt H dt dt

Class Notes: Prof. G. Battaly, Westchester Community College, NY _Homework

Calculus Home Page
_ Caleulu g _ Extra Problems

a

g i 2 Variables Hand § dH ds a "to find" rate, other variables.
Then rates of change: =2 =2
4 dt dt
5 *° . 2. Determine the relationship (quation)
v - between the 'given' and the 'to find'.
) H? +52= g2 Use a diagram, it possible. or known formula.
3. If possible, use the given information
1 to reduce the number of variables.
(Not needed here.)
- 2H d_H + 0 = 2§ E 4. Differentiate implicitly with respect to time.
0 1 2 3 _ . . .
dt dt This always involves the chain rule.
remember F: speed of plane dH
dt
at s=i6o
dH . R 5. Substitute the given values and
___,?l/om/ 2H I = 2(101111) - 240 ml/h solve for the unknown rate.
dar k.
aH [(10m:) 240 ]
need H: dt — H
(from above)
H? +52= 52 mi
w105 = 7 an  |[(1omi)-2a07]
H = V75 = /(Z5)(3) = 5V3 dt_ 5\/§mi
. mi

ap  [om)- 24077 480 mi mi ©
—_—— = = — — = 2771 —
dt 5v3 mi V3 h h

4 .1 Related Rates

2. Find 49X

_ _o 241 i Do
s 2 and y=2x"+1 if

at x =
dt

Homework
5]

Extra Problems

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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4 .1 Related Rates

ind 9% 4 x = — o241t Yo _
2. Find s at x=-2and y=2x"+1 if = 1.

N
_ .
ﬁ—#x/d_ﬂt

) Homework
Class Notes: Prof. G. Battaly, Westchester Community College, NY r

Calculus Home Page
7] Extra Problems

&

4.1 Related Rates

6. A 25-ft ladder is leaning against a wall. If we push the
ladder toward the wall at a rate of 1 ft/sec, and the bottom
of the ladder is initially 20 ft away from the wall, how

fast does the ladder move up the wall 5 sec after we start
pushing?

Class Notes: Prof. G. Battaly, Westchester Community College, NY Homework
Calculus Home Page |
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4 1 Related Rates

6. A 25-ft ladder is leaning against a wall. If we push the
ladder toward the wall at a rate of 1 ft/sec, and the bottom
of the ladder is initially 20 ft away from the wall, how

fast does the ladder move up the wall 5 sec after we start

pushing? (5. 25 ft |adder, dx/dt=-1ft/s,
x=20ft when t=0sec X
F: dy/dt when t=5 sec 20 ft

z2 = x2 +y2 =252 dx/dt=-1ft/s, for t=5s,

25 ft

2x dx +2ydy =0 x=20-5=15ft
d_t dt then 252=152 + y2
and y2=400 and y=20
xdx+ydy=0
dt  dt _ )
dy = 15/20 = 3/4 ft/sec
15(-1)+20dy =0 g
dt
Class Notes: Prof. G. Battaly, Westchester Community College, NY Homework
Calculus Home Page ’ 7 } )
Extra Problems
3

4.1 Related Rates

16. The side of a cube increases at a rate of % m/sec. Find

the rate at which the volume of the cube increases when the
side of the cube is 4 m.

Homework
Class Notes: Prof. G. Battaly, Westchester Community College, NY !
K
Calculus Home Page

Extra Problems
5]
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4.1 Related Rates

16. The side of a cube increases at a rate of 1 m/sec. Find

2

the rate at which the volume of the cube increases when the

side of the cube is 4 m. G: cube, side incr 1/2 m/s -
F: rate of V change, side = 4m

G: dx/dt=1/2 m/s
V = x3 F: dV/dt when x =4m

dV = 3x2 dx
dt dt

dV = 3(42)(1) =24 m3/sec
dt 2

Class Notes: Prof. G. Battaly, Westchester Community College, NY _ Homework

Calculus Home Page

__Extra Problems

3

4.1 Related Rates

G 32‘%&‘-9) %0\ o) Ay

Class Notes: Prof. G. Battaly, Westchester Community College, NY aHomework

Calculus Home Page
Extra Problems
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4 1 Related Rates

=YX -20% UGEL SO

dj. H=x -'|:-='E"I
= H0)-30@) = yg -0 =§

- } 'ﬁ ~ Q
Homework

Class Notes: Prof. G. Battaly, Westchester Community College, NY ,3

Calculus Home Page
Extra Problems

4.1 Related Rates
G: Using a rope, a worker pulls a 5 m plank up the side
of a building at a rate of 0.15 m/s.

F: How fast sliding on groun_qF-' 9(—/)&

when 2.5 m from building? At 1. Identify: a"given’ rate,

a "to find" rate, other variables.

2. Determine the relationship (equation)
between the 'given' and the 'to find'.
Use a diagram, if possible, or known formula.

3. If possible, use the given information
to reduce the number of variables.
(Not needed here.)

4. Differentiate implicitly with respect to time.
This always involves the chain rule.

5. Substitute the given values and
solve for the unknown rate.

6. Check:
Did you include units? Yes
Does the answer make sense? Yes. x is decreasing
If there were angles involved, did you use radians? No angles

Class Notes: Prof. G. Battaly, Westchester Community College, Ny __HOmework
Calculus Home Page !
- ulus g Extra Problems
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4 1 Related Rates

needy:
(from above)
2.52 +y? = 57

y2 =52 —2.52 = 25-6.25

y=V25-6.25 = 4.33

dx

dt

Class Notes:
Calculus Home Page

Prof. G. Battaly, Westchester Community College, NY ¢

F: How fast sliding on groundF M

——

when 2.5 m from building?

& &

1.5

1. Identify: a "given" rate,
a "to find" rate, other variables.

2. Determine the relationship (equation)

x2 + 2 _ 5 2 between the 'given’ and the 'to find'.
y - Use a diagram, if possible, or known formula.
3. If possible, use the given information
to reduce the number of variables.
(Not needed here.)
dx y
2x + Zy =0 4. Differentiate implicitly with respect to time.
dt dt ; : -
This always involves the chain rule.
dx dy
x — + Yy — 0

5. Substitute the given values and

2.5m E +y-(0.15m/s) = solve for the unknown rate.
m
dx (0.15%)
dt 2.5m
(0.15%)
= = (4.33m)'m = —0.26 m/s
6. Check:

Did you include units? Yes
Does the answer make sense? Yes. x is decreasing
If there were angles involved, did you use radians? No angles

Homework

Extra Problems

4.1 Related Rates

A winch at the top of a 12-m building pulls a 12 m pipe to a
vertical position. The winch pulls in the rope at a rate of -0.2
m/sec. Find the rate of vertical chang_e and the rate of_>

horlzontal chan_g_e at the end of the pipe when y ='6.
1. Identify: a "given" rate,

a "to find" rate, other variables.

2. Determine the relationship (equation)
between the ‘given' and the 'to find'.

__Caleulus Home Page

H s

12

! o x (xy)
12:

: 1

by y

!

B

X

Class Notes: Prof. G. Battaly, Westchester Community College, NY

Use a diagram, if possible, or known formula.

3. If possible, use the given information
to reduce the number of variables.

4. Differentiate implicitly with respect to time|
This always involves the chain rule.

5. Substitute the given values and
solve for the unknown rate.

6. Check:
Did you include units? Yes
Does the answer make sense? Yes

X decreasing, y increasing; so dx/dt <0 and dy/dt >0
If there were angles involved, did you use radians? No

Homework

Extra Problems

© G. Battaly 2019
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4.1 Related Rates , . . .
A winch at the top of a 12-m building pulls a 12 m pipe to a 0{5
vertical position. The winch pulls in the rope at a rate of -0.2 _d-.s
misec. Find the rate of vertical change and the rate of
t s hgﬂ;gn_ta_l_cbgrlg_e_gt the end of the pipe wheny = 6.
i e . .
1 12 - 1. Identify: a "given" rate,
i y v (X,y) S X 1 F M iZ 1 a"tofind" rate, other variables.
1
12 BN SHE Ty T
i 1 = 1
oy y (IR o . Iy |
i
| : N . 2. Determine the relationship (equation)
H bottom right triangle: between the 'given and the 'to find'.
X x? +y?= 122 Use a diagram, if possible, or known formula.
top left triangle:
x> +(12—-y)? = 2
solve bottom right for x2 and substitute in top left to get just 2 variables:
122 —y?2 + (12— y)?2 = s? 3. If possible, use the given information
to reduce the number of variables.
simplify: 122 —y2 + 122 — 24y + y* = 52
2(12%) — 24y = 52
’ dy ds 4. Differentiate implicitly with respect to time.
—24—= 25— This always involves the chain rule.
dt dt
dy m
_24’E =25(=0.2) i —0.4s mps 5. Substitute the given values and
need s; solve for the unknown rate.
(from above) dy —0.4s s
dac —24 "PST 0 MY
st =2(127)-24(6) = 144
s=12 dy_12 _1 @
dc 60 "PST 5P
Still need dx/dt From equation for bottom right 2 5 L
triangle: dx d X T+ L Bl
2x~E+Zy~E_n 3‘45"/‘/-6(,
dx_ Zydy_ ydy_ 61 L>W5 )
@ Tzear xac x5 X == 36
. ) . =/ 5
Still need x Use bottom right equation above to get x = 6 /3
6. Check:
dx 6 1__ 1 p® Did you include units? Yes
dt 6V3 5 5V3 Does the answer make sense? Yes,
x decreasing, y increasing; so dx/dt <0 and dy/dt >0
If there were angles involved, did you use radians? No angles
Class Notes: Prof. G. Battaly, Westchester Community College, NY Homework
) ‘Calculus Home Page a Extra Problems

4 .1 Related Rates

a gzi(xtgx>

..
FQ%‘*

X:E )

Class Notes: Prof. G. Battaly, Westchester Community College, NY

_ Calculus Home Page
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® _ Extra Problems
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4.1 Related Rates

_ Calculus Home Page

éf g—a’l(xt—éQ

Class Notes: Prof. G. Battaly, Westchester Community College, NY

A
Fof o

_Homework
u.
Extra Problems

7]

4.1 Related Rates

2
d

_—

H*X

Calculus Home Page

Class Notes: Prof. G. Battaly, Westchester Community College, NY
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4.1 Related Rates

513‘—‘—¢a l%“"?m/s. P[éf./

I +X o
ﬁ <)+x 0-—(2)(@

( x5) DL -notd

~ Homework
Class Notes: Prof. G. Battaly, Westchester Community College, NY u.

_ Extra Problems
uw

4.1 Related Rates W
\ A

&\};S/Vx %”Qm/% F:(_é%)

__Calculus Home Page
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—
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4.1 Related Rates

& | }za\&
d

=sh X

2: 1/ 5%30%

e

M

__ Calculus Home Page

ﬂ'z 02505)( em/s

Class Notes: Prof. G. Battaly, Westchester Community College, NY

_ Homework
ul

Extra Problems

&

4.1 Related Rates

Calculus Home Page

Class Notes:

16. G: radius of sphere increases 3 in/min:lﬂ,[:

A
F: rate of change of V when r =9 in, r =36
in AV

M_

f<9 . . r336..

Homework
a

Extra Problems
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4.1Related Rates 45 G: radius of sphere increases 3 in/min

*oat
F: rate of change of V when r =9 in, r =36
in AV
AF
V-1 pr

i i(Qﬁr 4z e o

2 7
= QT

4V .
ar = |&’n<?¢§ o) = SO on fey
9.

Homework
Class Notes: Prof. G. Battaly, Westchester Community College, NY a

Calculus Home Page Extra Problems

4.1 Related Rates _
G: dr/dt is constant

F: Is dA/dt constant? Why?

Homework
Class Notes: Prof. G. Battaly, Westchester Community College, NY |§

Calculus Home Page Extra Problems
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4.1 Related Rates

G: dr/dt is constant
F: Is dA/dt constant? Why?

A:’ITI"L

_4';&:_ ;?T]r‘éﬁ
ot A

fr

Af

A

Therefore, dA/dt 1s NOT constant.
It varies directly as r varies.

MK r

(\

Homework

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page Extra Problems

4.1 Related Rates =
€1XU=4 |

——/1'_‘.? and %=’D

) Homework
Class Notes: Prof. G. Battaly, Westchester Community College, NY 3

Calculus Home Page
Extra Problems
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F dy
ﬂ'/{ %=Io

4 1 Related Rates

G xa=‘l

Class Notes: Prof. G. Battaly, Westchester Community College, NY r Homework
Calculus Home Page L
@ _Extra Problems
a
4 1 Related Rates  Use Implicit Differentiation
‘ . .
Differentiate

y — 2X -+ X3 - Z with respect to:

Homework
Class Notes: Prof. G. Battaly, Westchester Community College, NY \;

Extra Problems

a

__Calculus Home Page
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4.1 Related Rates  Use Implicit Difterentiation
|

y=2x+x3-2z

%“;{&+3X% ;(j-&

Ly _ S
7P 9\+33(‘a(,)¢

%: &ﬂ+3xl%¢_~l
| ~Q%+ 3 dy 2%

s Notes: Prof. G. Battaly, Westchester Community College, NY
Cl ulus Home Page

__Homework

Differentiate
with respect to:

Z

y

__Extra Problems

5
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