Exponential and Logarithmic Functions November 11, 2019

3.9 Exponential & Logarithmic Functions: Derivatives

GOALS:

1. Recognize exponential and logarithmic
functions and how they relate to each other.

2. Use rules of exponents and rules of logarithms
as needed to solve equations or find derivatives
3. Solve equations for variables that occur in the
exponent

4. Find derivatives of exponential functions

5. Find derivatives of logarithmic functions

Homework Video: Inverse Functions
3 3

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page Homework

5 )

3.9 Exponential & Logarithmic Functions: Derivatives
Exponential Logarithmic
102 = 100 < » 10910100 = 2

log 100 = 2
2¢=16 < > 10216 = 4
53 =125 <@ » logs125 =3
ex=y . logey = X
“Iny =x
Class Notes: Prof. G. Battaly, WCC
__Calculus Home Page _Homework
3 ®
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3.9 Exponential & Logarithmic Functions: Derivatives

Natural Exponential Function

The LOG is the EXPONENT

IFF
y=ex¢llllll>x=|ny

To convert from exponential to logarithmic

Take log of each side and simplifyg Direct translation
The LOG is the EXPONENT
— X -
Iny=Ine In = x
|n y = X ln e The LOG of WHAT ~
— . Iny= x
Iny =x
Class Notes: Prof. G. Battaly, WCC
- alculus Home Page @'Homework

3.9 Exponential & Logarithmic Functions: Derivatives

Properties of the Natural Exponential Function

y:eX y=e-X

Domain?
Range?
Continuous?

1-to-1?

positive exponent: increasing
negative exponent: decreasing

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page __Homework
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3.9 Exponential & Logarithmic Functions: Derivatives

Properties of the Natural Exponential Function /&\

A

-a"—X

y=ex y=e>
Domain? = All real numbers
Range? y>0

=e -X
y Continuous? Yes

1-to-1?  Yes, passes vertical and
horizontal line tests

Class Notes: Prof. G. Battaly, WCC

__Calculus Home Page Homework

3.9 Exponential & Logarithmic Functions: Derivatives

Properties of y =In x
1. Domain: x>0 Range: all y
2. continuous, increasing over all domain

3. concave down

P Inverse Functions
3

At www.geogebra.org/classic copy the url into File/Open:
http://www.battaly.com/calc/geogebra/inverse_Inx/inverse_Inx.ggb
3

Class Notes: Prof. G. Battaly, WCC

__Calculus Home Page __Homework
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3.9 Exponential & Logarithmic Functions: Derivatives

1. 69=1o x0=1,x0i1. In(1)=0

2. e'=eo X'=X 2 In (e) =1

Xb b

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page | Homework

Properties of Exponents i Properties of Logarithms

3. xaxb=xatt fu m l>3 In (a b) =In(a) + In(b)

4, xa =xab fam I>4 In a =1In(a) - In(b)

5. (xa) = xan <@= = ->5 In a" = n In(a)

3.9 Exponential & Logarithmic Functions: Derivatives
skip - algebra topic

Properties of Exponents: Property # 3
let ex = A thenIn A =x

andey=B and InB =y

exey =ety = AB
In (AB)=x+y
In (AB)=InA+InB

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page __Homework
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3.9 Exponential & Logarithmic Functions: Derivatives
Derivatives

Exponential Logarithmic
d !ex! = ex d_(ln—x) = L
dx dx X
For u =f(x)

de)=erdu = d(nu= 1 du=u'
dx dx | dx ude u

X
d(nx) =9 J.ldf _1
Class Notes: Prof. G. Battaly, WCC dx dx ' X
Calculus Home Page __Homework
" | a

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page

Homework Part 1 Homework Part 2

3.9 Exponential & Logarithmic Functions: Derivatives

Practice Properties First ...

In (xyz)

1 x+1
y=1In
x—1
Class Notes: Prof. G. Battaly, WCC
_ Calculus Home Page Homework
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3.9 Exponential & Logarithmic Functions: Derivatives

Practice Properties First ...

In(xyz)=Inx+Iny+Inz

InVxy =%In(xy)=%[Inx+Iny]

— Elni_: = %[ln(x +1) —In(x —1)]

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page Homework

3.9 Exponential & Logarithmic Functions: Derivatives

G 3Inx+2Iln y - 41n z Write as the natural log

of a single expression.

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page Homework
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3.9 Exponential & Logarithmic Functions: Derivatives

G: 3lnx+2In y - 41n z Write as the natural log

of a single expression.

Anx + I 31“1”‘ z
e Xs%a

Ve

Zz

Class Notes: Prof. G. Battaly, WCC

_ Calculus Home Page !—Iomework

3

3.9 Exponential & Logarithmic Functions: Derivatives

Derivative of the Natural Logarithm

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page Homework
& a
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3.9 Exponential & Logarithmic Functions: Derivatives

d(nu)=1du

G: y=Inx F: dy/dx dx u dx
d(nu)=u'
dx u

G: y=In2x F: dy/dx

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page Homework

5 ]

3.9 Exponential & Logarithmic Functions: Derivatives

G: y=Inx F: dy/dx
dy=1
dx x
G: y=1In2x F: dy/dx
dy=1(2)=1 oR
dx 2x X y=In2+Inx

dy/dx =0+ 1/x = 1/x

Class Notes: Prof. G. Battaly, WCC
Homework

&

Calculus Home Page
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3.9 Exponential & Logarithmic Functions: Derivatives

G: h(x) =In (2x?+1) F: h'(x)

d(nu)=1du

dx u dx
d(nu)=u'
dx u
Class Notes: Prof. G. Battaly, WCC
Calculus Home Page sHomeWOrk

3.9 Exponential & Logarithmic Functions: Derivatives

G: h(x) =In (2x?+1) F: h'(x)

h'(x)=_1_(4x) d(Inu)=1 du

2
2x2+1 dx u dx
h'(x) = _4x ,
2X2+1 d(ln u)=u
dx u
Class Notes: Prof. G. Battaly, WCC
_Calculus Home Page EHomework

L%
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3.9 Exponential & Logarithmic Functions: Derivatives

G: y=xInx F. dy/dx

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page Homework

3

3.9 Exponential & Logarithmic Functions: Derivatives

G: y=xlInx F: dy/dx
2o x Lt =D
I X +j"\

G: y =InVx>-4 F: dy/dx

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page __Homework

¢
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Exponential and Logarithmic Functions

3.9 Exponential & Logarithmic Functions: Derivatives
G: y=ex F: dy/dx
Iny=Inex=xlIne
Iny = X
d(In y) = d(X) =1 implicit differentiation
dx dx

1dy= 1
y dx

dy = y=e d(er) =
dx dx

Homework

i@

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page . Homework
5 ] €
3.9 Exponential & Logarithmic Functions: Derivatives
G: y=xe~x F: dy/dx
d(e¥) = ¢
dx
_Homework

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page __Homework
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3.9 Exponential & Logarithmic Functions: Derivatives
G: y=xex F: dy/dx

dy = x d(e*) + e* dx
dx dx dx

d(e) = e
dx

dy = x ex + e*
dx

__Homework
[
Class Notes: Prof. G. Battaly, WCC
Calculus Home Page "!Homework
I L»

3.9 Exponential & Logarithmic Functions: Derivatives
Derivative of Exponential Function
For u = f(x)

d(e) = e  d(e)=e'du
dx dx dx

Chain Rule

Homework

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page ~_Homework
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3.9 Exponential & Logarithmic Functions: Derivatives d(ey) = e

G: y=eX F: dy/dx -

Homework
('S

Class Notes: Prof. G. Battaly, WCC

palculus Home Page ;“Homework
3.9 Exponential & Logarithmic Functions: Derivatives d(e) = e
. —_ X2 . dx
G: y=e F: dy/dx
5 5 u= x2
X =
gy = X (2X) = 2xe du/dx = 2x
dx
. — A-X2t )
G: y=eX" F: dy/dx
= -x2 +1
X2+ X2+ du/dx = -2x
dy = eX*1(-2x) = -2xe
dx
__Homework
Class Notes: Prof. G. Battaly, WCC
Qalculus Home Page __Homework
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3.9 Exponential & Logarithmic Functions: Derivatives d(ey) = e

G: y=In(1+e¥)  F: dy/dx

Homework
5
Class Notes: Prof. G. Battaly, WCC
Calculus Home Page '!Homework
| L%
3.9 Exponential & Logarithmic Functions: Derivatives d(e) = e
dx

G: y=In(1+e¥) F: dy/dx
dy = _ex

G: y=ehx F: dy/dx

Iny=Ine"*=IlnxIne=1Inx

g¥=elnx1
dx X So,y =x and dy/dx =1
o Y = X

dy/dx =1

Homework

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page __Homework
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3.9 Exponential & Logarithmic Functions: Derivatives
ehx=x=1In e

f(x)=ex and g(x)=Inx

are inverse functions
1-10-1
f(g(x)) = g(f(x)) = x

Video: Inverse Functions
@

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page "‘Homework
I L%

d(e) = e
dx

Homework
('S

3.9 Exponential & Logarithmic Functions: Derivatives
1+e”
G y=ln—— F: dy/dx
y 1 —ox y

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page __Homework

d(e) = ¢
dx

Homework

© G. Battaly 2019
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3.9 Exponential & Logarithmic Functions: Derivatives
1+ e*
G y= lnl——ex F: dy/dx
y =1In (1+eX) - In(1-e)
Qy = ex + ex
dx 1+ex 1-ex
dy = e(1-e)tex(1+ex)
dx (1+eX)(1-eX)
dy = ex[(1-ex)+(1+eX)] = _2ex
dx (1+eX)(1-eX) 1-e2

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page rsHomework
| [

d() = ¢
dx

) Homework
‘ni

3.9 Exponential & Logarithmic Functions: Derivatives d(e) = e
dx
G: -6+3ex=8 F: solve for x
......................................................................................................... __Homework
Class Notes: Prof. G. Battaly, WCC
Calculus Home Page __Homework
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3.9 Exponential & Logarithmic Functions: Derivatives d(ey) = e
dx
G: -6+3ex=38 F: solve for x

3ex=14
Use logarithms to solve
ex = 1 4/3 equations with variable

in the exponent.
Inex=1n 14/3
X =1n 14/3

......................................................................................................... Homework
a3
Class Notes: Prof. G. Battaly, WCC
Calculus Home Page "!Homework
| L&
3.9 Exponential & Logarithmic Functions: Derivatives
L] = X L
G: y=x F: dy/dx
e P e T
Calculus Home Page __Homework Homework
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3.9 Exponential & Logarithmic Functions: Derivatives
G: y = XX F: dy/dX
Iny =Inxx=x1In X

dy/dx=x 1 + Inx = 1+Inx
y X

dy = x*(1 +Inx)
dx

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page __Homework Homework
| 3 o
LS
3.9 Exponential & Logarithmic Functions: Derivatives
G: y = (In x)* F: dy/dx
s
Calculus Home Page __Homework Homework
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3.9 Exponential & Logarithmic Functions: Derivatives
G: y = (In x) F: dy/dx
Iny =In (In x)¥
Iny =x1In (In x)
dy/dx=x _1 1+In(Inx) 1

y In X X
dy/dx=_1 +In(Inx)
y In X
dy=]_1 +In(In x){(In x)*
dx | Inx
e
Calculus Home Page r“Homework Homework
| L% ;_‘
3.9 Exponential & Logarithmic Functions: Derivatives
348. y = (Inx)"¥ F: dy/dx
e
Calculus Home Page , Homework i Homework
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3.9 Exponential & Logarithmic Functions: Derivatives
348. y = (Inx)!"* F: dy/dx
Iny =In [(In x)""X]
Iny =InxIn (In x)

dy/dx=Inx _1_ 1+In(lnx) 1
y nXx X X

Iny = (In x) In(x?2-1)

dy/dx = (Inx) _2x_+In(x2-1) 1
y X% -1 X
dy/dx =Ex In X + In(x2 - 1‘)] (x2-1)nx

X2 -1 X

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page __Homework

dy/dx= 1+ In(In X
y X X
dy = 1[1+In(In x) ] (In x)*
dx X
e
Calculus Home Page __Homework Homework
I“ ;‘
3.9 Exponential & Logarithmic Functions: Derivatives d(ey) = e
dx
] Inx ]
G: 350. y = (x2 — 1) F: dy/dx
_ Use logarithms to find
In y - In (X2 B 1)In X derivatives that involve

variables in exponents.

Homework

© G. Battaly 2019
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3.9 Exponential & Logarithmic Functions: Derivatives

97 pl ) T
= L | ) Lax) —
¢ L

\
X |—

dy g b = e

: %.«:Q.J.Q
AL Jp N

3.9 Exponential & Logarithmic Functions: Derivatives

Giz(k):,cw,i\i-n’m\x F‘:x‘g'
L % \}-.,.._3 A
{12 (1 #5%) eI
< - [=&t(x@
—-— |+—S™ "‘)
{[X)_ 3%( ,,L—_/+—s/\l)<
ol 5%
{/*,):“5,@/““— j;;=25“"u
{09= 5
! - 4 o Sihx eorx
(\L) - A )4—5.»1\5(

Class Notes: Prof. 5 Battaly, WCC

Calculus Home Page
a
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3.9 Exponential & Logarithmic Functions: Derivatives

-‘JMX’A F. 06 '/'MJ (/0)

) l 9 =mX+
e fyonin

X |_3F -0>}(){—I)
"*"‘(IJO)t 5 T g A

Point slope form of straight line / - % X - %

ol

rd

CtassNotes Prof. G. Battaly, WCC
_ Calculus Home Page _Homework

u |

3.9 Exponential & Logarithmic Functions: Derivatives

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page

Homework
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3.9 Exponential & Logarithmic Functions: Derivatives

INGI)
(£
s[iv\(x‘-!) -l Xﬂ

S[ﬂ«(x‘-b‘ 3»‘”1
:3[&«[(x*:)(x-ﬂ - U—\x]
< 5] a6 ) 41 - 34, )

Class Notes: Prof. G. Battaly, WCC

Calculus Home Page riHomework
&

3.9 Exponential & Logarithmic Functions: Derivatives

G 8({:):4‘\— .F 3'('6)

—tl_

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page “Homework
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3.9 Exponential & Logarithmic Functions: Derivatives

G 8('6):1‘:5 4F 3'('&)

t
5'( 1)z #£° 0’(‘%?%_ @nt )(ezt)

4
?fz-z’ﬂtﬂ'\t T 2tint
= T 7
S (lmamt) oMt
AN

Class Notes: Prof. G. Battaly, WCC
_ Calculus Home Page -

3

(

Homework

3.9 Exponential & Logarithmic Functions: Derivatives

gt |2 F M

Class Notes: Prof. G. Battaly, WCC
Calculus Home Page gHomework
[~ ] L
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3.9 Exponential & Logarithmic Functions: Derivatives
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3.9 Exponential & Logarithmic Functions: Derivatives
Appendix: Exponential Model in Biology

Bacteria reproduce by binary fission. ‘6.:
A single cell divides to form 2 cells. # 2
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Bacteria reproduce by binary fission.
Consider a single cell:
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y = 2% is exponential function.
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8

Exponential Function

6

This is base 2.
Have you seen functions with a different base?
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Appendix: from Pre-Calc
Laws of Exponents
KM = mEn x" N
xl’l
x—I’L — ﬁ (xm)n — xmn
xin = ()" = xy"
N B
h n
X = X
e = 5) = V7
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has mean of 0 and Inflection pointat + lo

1
f(x)——am |

Find the inflection points if g=1

(See textbook to check your solution)
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In (3e?)=In 3 +1In e?

INn3+2Ine
In 3+ 2
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