Limits September 18, 2018

2.2 The Limit of a Function, 2.3 Evaluating Limits
GOALS: LIMITS To Find a Limit: Summary

£l

1. Understand that limits involve the idea of approaching
a value or point.

2. Understand how the limit of a function at a point (approaching
the point) is different from the value of the function at the
point (being at the point).

3. Use tables & numerical approach to determine existence

of a limit.

Use graphing to determine existence of a limit.

Find limits analytically.

Study 2.2 # 47-79 odd
Study 2.3 #83-117 odd,
limits 2.18, 2.19

oA

Class Notes: Prof. G. Battaly
Calculus Home Page Homework on the Web

(sinx)/x*

2.2 The Limit of a Function
Given: f(x) = x?
As x -> 1, what does y approach?
1.2
0.8

0.6

-02 0 0.2 0.4 0.6 0.8 1 1.2

As x -> 1, y approaches 1. Also f(1)=1.

Class Notes: Prof. G. Battaly eogebra
: Homework on the Web “g g
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2.2 The Limit of a Function

Q.
1o 20

Consider the

function that is the

position of the

- |— nose. As the
person walks up the

- | stairs towards the
fan at x=8, his nose

‘ ! T s approaching a

N y C ;
height of 10. But,
Does f(8) exist? does f(8) exist?
Does lim f(x) exist?
X->8

Or: Is there a value that y approaches as x -> 8 ?

Class Notes: Prof. G. Battaly Homework on the Web

Calculus Home Page 3
3‘

2.2 The Limit of a Function

(aY?)
o P
. —lDogs f(8) exist?
| _I_I NO!
. L | The nose hits
- — the fan, so it
} _| does not exist
~L X { ! / there.

4 (VA X

Does lim (height of the nose) exist?
X->8

YES! height = 10

Class Notes: Prof. G. Battaly
Homework on the Web
Calculus Home Page 3
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2.2 The Limit of a Function

x->8

YES!

|—|Do s f(8) exist?
o NO!
- ’—"_I
.
b=
-
L y G T X

Does lim (height of the nose) exist?

height = 10

a real number. \?

x is near 8 eg: x=7.9 then 0 =0

Let fbe a function defined on an open interval
containing c‘,‘except possibly at ¢, and let L be

]
Then lim f(x)=L"
X->C
means thatforeach €¢>03§>0 =

if 0<]xc|<§ then |f(x)-L|<e

yisnear 10 and € is small

applying the principle.

Class Notes: Prof.

Calculus Home Page

a

Analytical definition of a limit. We are just looking at it.
We will not actually apply the specifics, but will always be

G. Battaly Homework on the Web

I

2.2 The Limit of a Function
How do you Find Limits?

function that you either cannot manipu

f(x)=_x-2,
x2-4

1. Numerically - use to show how the values are changing, or for a

late algebraically or graph.

X#E+2

DNE

indeterminate

im x-2 - 2-2 = 0
x->2 Xx2-4 4-4 0
X 1.9 1.99 1.999 | 2.001 2.01 2.1
f(x)

Calculus Home Page

5 ]

Class Notes: Prof. G. Battaly
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2.2 The Limit of a Function
How do you Find Limits?
1. Numerically - use only to show how the values are changing
lim _x-2 N i_iz% _DNE_
x->2 X2-4 B indeterminate
as x->+2
X 1.9 1.99 1.999 | 2.001 2.01 2.1
f(X) 0.2564 1 0.2506 | 0.2501 | 0.2499 ] 0.2494 | 0.2439
f(x) -> 1/4
im x-2 = 1
x->2 XxX2-4 4
Class Notes: Prof. G. Battaly
Homework on the Web
Calculus Home Page % |
3

2.2 The Limit of a Function
How do you Find Limits?

Not so Helpful
o tedious
o distracts from overview of function

2. Graphical Approach:
Tells us if limit exists, & suggests a value

Limit exists at x = 2

o . graph is approaching 0.25
Limit does|not exist at x = -2 as x -> 2 from both sides

f(x) is unbqunded L
M M M M M 1 " I X n

y=_X-2
x2-4

Class Notes: Prof. G. Battaly
_Homework on th
Calculus Home Page I~ ]

a

as x->+2
1. Finding Limits Numerically T o5 [ [z [0 [ =
Helpfu' . f(x) | 0.2564 [0.2506 | 0.2501 | 0.2499 | 0.2494 | 0.2439
o see where y values are goingas x ->C  ——————y
f(x) -> 1/4

e Web
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2.2 The Limit of a Function

(). [ X
60 Ilmﬁf(x)

X = -2

62. lim_ f(x)
X — 2

Homework problems look like this: graphical
representatons of functions, with questions about what
value f approaches as x approaches a specific value.

yi
51

44

Need to know when
a limit does not exist.

Calculus Home Page Class Notes: Prof. G. Battaly
a3

Homework on the Web
a

2.2 The Limit of a Function

Class Notes: Prof. G. Battaly

Calculus Home Page

a

When does a Limit NOT exist?

Homework on the Web
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2.2 The Limit of a Function

When does a Limit NOT exist?

1. lim f(x) # lim f(x)

X =>C~ X-> c*

lim [x] # lim [X]
X ->1- x-> 1+

0#1

Class Notes: Prof. G. Battaly

Homework on the Web
5 ]

Calculus Home Page

a

2.2 The Limit of a Function
When does a Limit NOT exist?
y =]x]

1. lim f(x) # lim f(x) —

X ->C~ X-> c*

2. lim f(x) unbounded U
X =>C- W

Class Notes: Prof. G. Battaly

Calculus Home Page a;‘-lomework on the Web
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2.2 The Limit of a Function

When does a Limit NOT exist?

1. lim f(x) # lim f(x)

X =>C~ x-> c?

2. lim f(x) unbounded

X ->C~
w

3. f(x) oscillating

Calculus Home Page

3 3

I|m f(x) DNE \]

Class Notes: Prof. G. Battaly Homework on the Web

y = sin(i/x)

on calc:
-.05<x<.05
-1 <y< 1

2.2 The Limit of a Function

When does a Limit NOT exist?
PEA
1. lim f(x) # lim f(x) —

X ->¢~ x->c*

2. lim f(x) unbounded

X =>Cc™

3. f(x) oscillating
lim f(x) DNE —=—=

X >c- y = sin(1/x)

m.ngu«
———+—+

True or False?

46. lim f(x) =

x— 10

48, lim f(x) = f(~8)

Calculus Home Page Class Notes: Prof. G. Battaly

a

Homework on the Web
)
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2.2 The Limit of a Function
When does a Limit NOT exist?

y =[xl
1. lim f(x) # lim f(x) ’ —

X =>C~ X->c*

2. lim f(x) unbounded
X ->Cc™

3. f(x) oscillating
lim f(x) DNE =

X =>C-

True or False?
46. lim f(x)=0 True
x— 10

48.  lim f(x) = f(=8) Faglse

f(-8) = -3 #lim f(x)=-6

X->-8

Calculus Home Page Class Notes: Prof. G. Battaly
a3

Homework on the Web
a

2.2 The Limit of a Function

When does a Limit NOT exist?
PRR

1. lim f(x) # lim f(x) —
X =>C~ x->c*

2. lim f(x) unbounded
X ->Cc~

Uy

3. f(x) oscillating
lim f(x) DNE —=—

X >c- y = sin(1/x)

60. lim N f(x)

X = =2

62. lim_ f(x)
x— 2

Calculus Home Page Class Notes: Prof. G. Battaly
&

Homework on the Web

B
o1+
»xY
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X ->c~

X ->c~

60.

62.

64.

5 ]

2. lim f(x) unbounded

3. f(x) oscillating
lim f(x) DNE =—= =

X ->Cc~

P4
2.2 The Limit of a Function ST
When does a Limit NOT exist? 4T
oI
1. lim f(x) # lim f(x) —

Xx->c*

¥

y =sin(i/x) "

lim +f(x) 2

X = =2

lin;_ f(x) 0O
X = L

tlim’f(x) DNE because 2 # 0

Calculus Home Page Class Notes: Prof. G. Battaly

Homework on the Web
a

a8

2.3 Bvaluating Limits - Find Limits Analytically

Theorem 2.4: Basic Limit Results

For any real number a and any constant c,
. limx=a
X—=da

ii. llmc=c
X —=d

10 Yy =X

<
1l
(@)

-5 5 10 15

Class Notes: Prof. G. Battaly

Calculus Home Page Homework on the Web
u‘
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2.3 Bvaluating Limits  Find Limits Analytically
Theorem 2.5: Limit Laws

Let f(x) and g(x) be defined for all x# a over some open interval containing a. Assume that L and M are real

numbers such that xli_rp af(x) =L and xli_rpﬂg(x) = M. Let ¢ be a constant. Then, each of the following statements
holds:
Sum law for limits: xli_lpa[f(x) +g(x) = xli_lpa flx)+ xli_lpﬂg(x) =L+M

Difference law for limits; xli_r}na(f (x)-glx)= xli_rpﬂ flx) - xli_glag(x) =L-M
Constant multiple law for limits: xli_rpac flx)=¢ xli_l}na flx)=cL

Product law for limits: J(li_r’rla[f(x) glx)= Jim f(x)- lim g(x) = L-M

im0 _ g

Quotient law for limits: xh_lpa e xli_r’nag o for M#0

n
Power law for limits: xli_r)na(f W)= (Xh_gn L f (x)) =L" for every positive integer n.

Root law for limits; xli_r)nﬂ’f(;)' B %fxli_r’na f(x) = VL forall L if nis odd and for L > 0 if nis even
Class Notes: Prof. G. Battaly
Calculus Home Page V;Homework on the Web
2.3 Evaluating Limits f(X) does not exist

Find Limits Analytically — at+1or-1, but
what is the value

f(X) = X—'1 , X F+ 1 of f(x) when x is
x2 - 1 near +1? near -1?

Investigate limit of f(x) as x= +1 and as X = -]

X =+1
Subst: f(1)=_1-1 =
1-1

Indeterminate Form

1. hole in graph at x=1
2. limit as x-> 1 exists

X =-]
f(-1)_, -2 Unbounded
0 DNE
Class Notes: Prof. G. Battaly
Calculus Home Page __Homework on the Web
a . |
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2.3 Evaluating Limits

Find Limits Analytically (Algebraically)

fx)=_x-1, x#+1
x2 - 1

Class Notes: Prof. G. Battaly

Calculus Home Page EHomework on the Web

&

2.3 Evaluating Limits

Find Limits Analytically

fx)=_x-1, x#x1
X2 - 1

Subst: f(1)=_1-1 0
1-1 0

fx)=_x-1_ =1 .x-1"
(x+1)(x-1) x+1 x-1

as x->-1 as X->-f-1
as x->-1_ f(x) unbounded f(x) has single
limit DNE" VA: vertical undeflhneld point
asymptote (hole)

Class Notes: Prof. G. Battaly
Homework on the Web
Calculus Home Page !
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2.3 Evaluating Limits

fx)=_x-1, x#x1
X2 - 1 o YR
Subst: f(1)=_1-1 = 0 ) Yo —
1-1 0 - -
f(x)=_x-1_ =1 .x-1x !

(x+1)(x-1) x+1 x-1
f(x)= x-17? 1  Notquite equal;

x2-1 " x+ 1 differentdomains.

XZ+1 X% -1 Right one includes (1,1/2)
Yet,
im x-1=1Im 1 = as x->1
x->1 X2-1 x->1 X + 1 limit
exists

Class Notes: Prof. G. Battaly
Homework on the Web
Calculus Home Page % ]

3

2.3 Evaluating Limits

fx)=_x-1, x#+1
X2 -1 ML
f(x)=_x-17 _1 ) | =
x2-1 "~ x+1 |
X#x1 X#-1
im x-1 = Ilim 1 =1

x->1 X2 -1 x->1 X+ 1 2

The function on the left, f(x), is not defined at x=1 or x=-1.

The function on the right, 1/(x+1), is not defined at x= -1, but
it is defined at x=1, at the point (1, 0.5).

So, these functions are equal, except for the point (1,0.5).

That means that as x -> 1, the y values of both are equal,
and they are approaching the same limit, 0.5.

Class Notes: Prof. G. Battaly
Homework on the Web
Calculus Home Page |

5 ]
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2.3 Evaluating Limits
Summary: To Find a Limit

1. Substitute x =c¢
a) If finite number, L, then the limit is L.

b) Ifresults in form, k /O, then fis unbounded
and the limit DNE

2. If indeterminate, use algebra to find a function Q )
that is equivalent at all but the undefined point, 0

00
and substitute again.

3. If still indeterminate, consider special limits:

S111 X 1—cosx

1 = ” - =)
lim —— =1 lim ——— =¢

x—sl A r—sl A

A

B (SinX)/X* Go to Page 1

a8 [

Class Notes: Prof. G. Battaly
Calculus Home Page Homework on the Web
a a

2.3 Evaluating Limits

lim (-x2+1)
x->1
Iim 3-Xx
X->3 x2-9

Class Notes: Prof. G. Battaly

Calculus Home Page ~_Homework on the Web

&
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2.3 Evaluating Limits

X->3 (x+3)(x-3)

Class Notes: Prof. G. Battaly

Calculus Home Page

a

lim (x2+1)=-1+1

X->1

im 3-x ->0 limit exists
X->3 x2-9 0

lim -(x-3) =lm_-1 =_-1

X->3 x+3 6

) Homework on the Web

2.3 Evaluating Limits

lim V2+x -2

x->0 X

Class Notes: Prof. G. Battaly

Calculus Home Page

&

__Homework on the Web
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2.3 Evaluating Limits

2+x -2 =

lim V2+x - V2 = Iim 1

=
X(N2+x +12) x(\/2+)): +V2)  N2Hx +V2

AW

<)

lim N2+x-N2 o -2
x->0 X
V2+x -2 , N2+x + N2
x Pt + 2 x#0, x>-2

Class Notes: Prof. G. Battaly

Calculus Home Page uHomework on the Web

x->0 X x->0 V2+X +V2 2\/2

2.3 Evaluating Limits
Summary: To Find a Limit
1. Substitute x =c¢

2. If , use algebra to find a function
and substitute again.

3. If still indeterminate, consider special limits:

‘ 0 1 3 3 ; ] 7 &= % ke

)/
3(3mx) X

Class Notes: Prof. G. Battaly

Calculus Home Page

< ]

that is equivalent at all but the undefined point,

S11 X ) 1—cosx
lim =1 lim ——— =0
x—0 X %] X

Go to Page 1
(]

/—| y=(sinx)/x 1y =(1-cosx)/x

EHomework on the Web
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2.3 Evaluating Limits .
lim

S111 ¥ 0->0

lim

x—sll

X

(sinx)/x*
3

limit exists

/

sin® ->0
1.4
1.2
C 08
06
) a2
0.4 b, ctor
i
02
a343.75° 5
04 -02 02 04 Yp6 |08
-02
-04

1.2 1.4 1.6

/X

A y = (sinx)

‘ o

Class Notes: Prof. G. Battaly

Calculus Home Page

5 ]

Homework on the Web
]

2.3 Evaluating Limits S1.x 1
o o lim
lim S|re16 ->% I|m|teX|stg___________
->
0->0 S|q9<e<tan e|
sin6< 6 < tan® _ HE L
sin@ sinB sinB - . -
1< 8 < 1 x P
sin® cosB C/o-: : 48
v, : P
1> sinB® > cos O °e o a2
e 04 b ’,‘ ctor
im1=1  lim cos8=1 " Law | \
6->0 6->0 04 -02 02 04 “D6 |08 12 14 16
lim sin© =1 > unitcirdl® r=1
e_>0 e -0.4
by Squeeze Theorum A .
y = (8in x) /X
(sinx)/x* PR T B O
3 |
Class Notes: Prof. G. Battaly
Calculus Home Page Homework on the Web
a % ]
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2.3 Evaluating Limits

. l—cosx

lim ——
x—l X

1y =(1-cosx)/x
e S

e

(sinx)/x*

Class Notes: Prof. G. Battaly

Calculus Home Page

5 ]

0
0

limit

=0

exists

Go to Page 1
£l

Homework on the Web
]

2.3 I?valuating Limits lim 1— cos x 0 0 limit
lim 1 - cos X 0 X 0 exists
x->0 X

y = (1-cosx)/x
T —_
1-cosx, 1+cosx — P =
X 1 + cos X
1-c0s2x =_ sinx = sinx , _Sinx
X(1+cosx) x(1+cosXx) X 1 + cos x
lim sinx ., sinXx =1.0 =0
x>0 X 1+ cos x 2
I=IGotoPagel
Class Notes: Prof. G. Battaly
Calculus Home Page Homework on the Web
| % )
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2.3 Evaluating Limits

lim x3-8 -> 0 .. limit exists
X->2 X-2 0

Class Notes: Prof. G. Battaly
Calculus Home Page Homework on the Web
a

&

2.3 Evaluating Limits
lim x3-8 -> 0 - limitexists

X->2 X -2 _0 synthetic division
to factor x3-8
(x-2)(1x2+2x+4) 2l g 2 'g
(x-2) 12 40

lim x3-8 = Ilim x2+2x+4 =12

X->2 X-2 X->2

synthetic division
a

Class Notes: Prof. G. Battaly

Calculus Home Page Homework on the Web
a a
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2.3 Evaluating Limits

G: g(x) =x2-x F: lim g(x)
X x->0

Class Notes: Prof. G. Battaly
Calculus Home Page Homework on the Web
a

8

2.3 Evaluating Limits

G: g(x) = x2-x F: lim g(x)
X x->0

g(x) =x(x-1) = x-1,x#0
X

lim x2-x=Ilim x-1=-1
x->0 X x->0

Class Notes: Prof. G. Battaly
Calculus Home Page Homework on the Web

a8
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2.3 Evaluating Limits

im Vx+6-3 32 2
x->4 X-4

Class Notes: Prof. G. Battaly

Calculus Home Page __Homework on the Web

a8

2.3 Evaluating Limits

im Vx+6-3 32 %

x->4 X-4 °
VX+5 - 3 . VX+5 + 3 Casb)onb)
X-4 \/X_+5- + 3 0}_ LS
= Xx+5-9 = X -4 = 1

(X-4)(XF3 +3)  (x-4)(VXF5 +3) (Vx+5 +3)

lim Vx+5-3 =1lim 1 = 1
x>4  X-4 x->4 (VX+5 +3) V9 +3

Class Notes: Prof. G. Battaly
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i o
lim _tan x - =
x>0 tan 2x O
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2.3 Evaluating Limits
lim

x->0 tan

tan x =

tan

x _o 2

2X O

sin X / cos X

tan 2x

sin 2x / cos 2x

sSin X ,cos 2x =sin X,

SiN2X=2SinXcosx
COS2X=C0S2X-Sin2x

COS2X = ¢os 2x

Calculus Home Page

&

COS X Sin 2x

x->0 tan 2x

lim tanx =Ilim coSs 2X =
>0 2C0S2X

Class Notes: Prof. G. Battaly

COS X 2 sinX cosx

2C0S2x

1
2
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2.3 Evaluating Limits

L D CXFAX) = AX
Ax—2 AX

Class Notes: Prof. G. Battaly
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2.3 Evaluating Limits

L. 8 CX+AX) = X

Ax->2 AX
:’Z{'m o?x-l—QAx*e?X
AX =0 AX
2,@«% QAX /@\\’V\. ;7
AX=20 AX=>D

Class Notes: Prof. G. Battaly
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2(X+0) - 2X

dX-ax O
6 o

S fawmt
Lxisk
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