Power Series; Functions as Power Series April 25, 2017

11.8 Power Series; 11.9 Functions as Power Series

Goals:
1. Recognize Power Series as an infinite polynomial, a
series in the variable x.
2. Power Series converge for only some values of x.
We identify these values by:
> Radius of Convergence, R, as the distance from the
center value for which the series converges. eg: |x-c|<R
> |nterval of Convergence, IC, as the values of x for
which the series converges. eg: c-R<x<c+R
4. Differentiate and integrate known Power Series to
find power series representations for other functions.

Study 11.8 #1-5,9-17
Study 11.9 #1-7, 11-15

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.3 _ HW 11.9
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11.8 Power Series; 11.9 Functions as Power Series

Power Series: Infinite polynomial.
Infinite series in the variable x.

If x is a variable, then an infinite series is a Power Series
if it has the form:

E b.xn =by+ bix +by,x2+ bsx3+ ...
n=0
centered at 0

2. ba(X-C)r = bg+ Dy(X-C) + by(x-C + ...

centered at c

e}
n=0
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11.8 Power Series; 11.9 Functions as Power Series

Examples of Power Series

D baXn = by + biX + box2 + bsx3 + ... centered at 0

iX_”=1+X+X_2+ X3+ x4+ ... centeredat0
n! 2 3! 4l

ibn(x-c)n = b + b4(X-C) + by(x-Cc)2 +

n=0 centered at ¢

S (A1) = 1= (b 1) + ()2 = ()8 +

n=0 centered at -1

>

n
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW11.8 HWI1Y
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11.8 Power Series; 11.9 Functions as Power Series

Interval of Convergence of Power Series
Find the Interval of Convergence:

i X" =1+Xx+x2+ x3+ x4+ ... centeredat0
=l 2 3! A4l

Use Ratio Test:

dn+1
dn

lim

n—0o

(e}
n=0
HW 11.8 HW11.9

P S Calculator
| )
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11.8 Power Series; 11.9 Functions as Power Series

Interval of Convergence of Power Series
Find the Interval of Convergence:

ix_n=1+x+x_2+ X3+ X4+ ... centeredatO
=] 2 3! 4l

Use Ratio Test:

. i n+1 +1)! . n+1 |
lim |81 = 1im [ X"/ (0D iy (X N
n-ow| g, n-w|  xn/nl n-o| xn (n+1)!
= lim|-X_|= 0 < 1 converges absolutely for all x
n—oo n+1
Thus, the Radius of Convergence, R = « and
the interval of convergence is (-, «) Z
GM Class Notes: Prof. G. Battaly, Westchester Community College, NY 'lHW 11‘8'7:HW 11'971=0
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11.8 Power Series; 11.9 Functions as Power Series

Interval of Convergence of Power Series

Find the Interval of Convergence:

XN =1+ X+ X2+ X3+ x4+ ...
0

n=

Use Ratio Test:

@«
P S Calculator nz;
& Class Notes: Prof. G. Battaly, Westchester Community College, NY ~HW 11.8 HW 11.%
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11.8 Power Series; 11.9 Functions as Power Series

Interval of Convergence of Power Series

Find the Interval of Convergence:

oo

XN =1+ X+ X2+ X3+ x4+ ...
0

n=

Use Ratio Test:

Xn+1
XN

dn+1
dn

= lim

n—0o

lim

n—0o0

= lim | x| =|x|

n—00

By Ratio Test, converges when |x| < 1

Thus, the Radius of Convergence, R =1 and
the interval of convergence is (-1, 1)

~ P_S Calculator Z

g n=0
3 Class Notes: Prof. G. Battaly, Westchester Community College, NY HW11.8 HWI1Y
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11.8 Power Series; 11.9 Functions as Power Series

Interval of Convergence of Power Series
Find the Interval of Convergence:

co

Zn!xrl =1+ X+ 2x2+ 6x3+ 24x4 + ...

n=0

(e}
P S Calculator 7;)
% ] Class Notes: Prof. G. Battaly, Westchester Community College, NY ~HW 11.8 HW 11.%
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11.8 Power Series; 11.9 Functions as Power Series

Interval of Convergence of Power Series
Find the Interval of Convergence:

Zn!xn =1+ x+2x2+ 0O6X3+ 24x4 + ...
n=0

Use Ratio Test:

@t | = i (DX i)

Jim | St = Jim TR = Jim i)
_ [ o, ifx#0
—10,ifx=0

By Ratio Test, diverges for all values of x # 0, and
converges when x =0

Thus, the Radius of Convergence, R =0

and the interval of convergence, (0,0) i
P S Calculator

8

n=0
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.8 _ HW 11.9
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11.8 Power Series; 11.9 Functions as Power Series

i bn(x-c)" = bo+ bs(x-C) + by(x-C)2 + ... centered atc

For a Power Series centered at ¢, one of the following is true:

1. The Series converges only at ¢. The radius of
convergence is R=0.

2. The Series converges absolutely for all x. The
radius of convergence is R=«

3. There exists a real number R > 0, the radius of
convergence, such that:

the series converges absolutely for |x-c| < R and
diverges for |x-c|>R

Note: A power series can converge to either a point, an interval, or the entire real line.

[oe]
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11.8 Power Series; 11.9 Functions as Power Series

i bn(x-c)" = bo+ bs(x-C) + by(x-C)2 + ... centered atc

To determine convergence of a Power Series:

1. Use the Ratio Test to find the Radius of
Convergence

2. Analyze the series at the endpoints to find the
Interval of Convergence. This can be open or closed,
so be careful in use of () [], etc.

[°2]

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.8 _ HW11.9 Z
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11.8 Power Series; 11.9 Functions as Power Series
Functions as Power Series
* o *
Yxn =1+ x+x2+ x3B+xt+ =1, |x|<1
i 1-x
represents the function _1 on its interval

of convergence 1-X

%* Geometric Serieswitha=1andr =x

co

Z:ar"‘1 = a+ar+ar*+ar®+--+ar* ! If || <1 Converges to: 1—a
-r

n=1

is also a Power Serieswithb=1andc=0

*Can consider 1/(1-x) for x=2, f(2)=-1, BUT that is not
represented by the series, because the series diverges at x=2

6]
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11. 8 HW 11.9 Z
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11.8 Power Series; 11.9 Functions as Power Series

Functions as Power Series

©

> x

n=0

=1+ X+xX2+ X3+ x4+ ...

converges to

represents the function ’é(x = /=X
on (-1,1)

Can we find a power series centered at c=1
for the function f(x) = 1/x ?

DM

3
JI)
o

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.9
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Functions as Power Series

|Z xn|=1+x+x2+ X3+ x4+ ... =
= converges to :

\represents e function

Can we find a power series centered at c = 1 for the function f(x) = 1/x ?

1. Rewrite the function to look like a/(71-r) and set equal to corresponding

geometric series. w
fx)=1=_1__ = Z[’I-x]n
X 1-(1-x) =
2. This is a geometric series with a=1 and r = x-1 and the series converges
when [1-x] <1 or -1<1-x<1, -2<-x<0, 0<x<2

3. To write this as a power series centered at ¢ = 1, we need the form (x-1):
S K =Y o)=Y (1)r(x-1)
n=0 n=0 n=0

=1 - (x1) + (x-1)2 - (x-1)% + (x-1)* + ...

[oe)

Class Notes: Prof. G. Battaly, Westchester Community College, NY ~ HW 11.8 HW 11.9 Z
) ) —~

__Calculus Home Page

© G. Battaly 2017


http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/11_9_funct_power_series.htm
http://www.battaly.com/calc/wcccalc1.htm
http://www.battaly.com/calc/homework/11_8_power_series.htm
http://www.battaly.com/calc/homework/11_9_funct_power_series.htm

Power Series; Functions as Power Series April 25, 2017

11.8 Power Series; 11.9 Functions as Power Series 4
Functions as Power Series

Find a geometric power series for the fur‘/c’fl'or’r
- f(x) = 1/(2+x) \r/ < |

1. Rewrite the function in the form a/(1-r) and set equal to corresponding

geometric seri;es. @P%ﬂ @ml . -:- I

s

E (X“S)L é_( (B (X*\)n\:’R—LCENTERED atx=-1

SOSY A e X (X
[~ (o)) HOxa ) o= (e ST
ehdg'ts x— —-9\ )(-o
g_ V) —>£ (—D"‘ c-n

l+\+l-|-

oLNe_r Q_s ( \ OLNL\"ées @QO"‘B =0

—P S Calculator Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 118 HWI11.9
a a

]
: __Calculus Home Page

11.8 Power Series; 11.9 Functions as Power Series
Functions as Power Series

Find a geometric power series for the function
f(x) = 1/(2+x)

1. Rewrite the function in the form a/(71-r) and set equal to corresponding

geometric series. @P%ﬁ @m a A_

| — Y~
fi(x)=_1_=_1/2 =_1/2 s a=1/2and r=-x/2
2+x  1+(x/2)  1-(x/2)
—X l - N
Q o0
(1/2)(-x/2)" (-1)n —X <X
AX <D 2,(12)x/2) Z o L A

2. This converges when |-x/2| <1 or -1 <-x/2<1, -2<-x<2, -2<Xx<2
so the series represents thefunction f(x) = 1/(2+x) when -2 <x<2
3. Check endpoints: x=-2, ¥(1/2) diverges by nth term divergence.
x=+2, ¥(-1)"(1/2) diverges by nth term divergence. .. -2 < X< 2 -
R=2, CENTERED atx=0 Z

n=0

_P S Calculator
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11.8 Power Series; 11.9 Functions as Power Series
Functions as Power Series: Differentiation and Integration

Fromprevious f(x)=1=_1 =..= ) -1)n(x-1)n R=1
x 1-(1-x) Z( yix-1) 0<x<2

Can we represent In x as a power series?
Consider Integration:
(-1)n(x-1)n

X

DMs

[ Lox= [ (Appety ox
Inx +c¢c= Z (-1)n§x_1 )n+1

3
I}

0 n+1

letx=1, In1 +c= =0 . ¢c=0

1P
(@)

In x = Z (-1)n(x=1)n+1

ne0 n+1
Thus, In x can be represented as a power series. @

=)

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.8 HW11.9 Z
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Functions as Power SerieS' Differentiation and Integration

Fromprevious f(x)=1=_1 = = Z
X 1-(1

Integration: 1-= Z( 1)n(x-1)n I 1 dx— .[Z(1 n(x-1)n dx
X
Inx +C—Z(1)(X1Ln+1 c=0

I X = P APOEAI = X1 - (xR + () - (e + ..
L 1 2 3 4
Find: R and IC, Use Ratio Test:

dn+1 (x-1)n*2 /(n+2) | _ (x-1)(n+1) |X 1|
a, G e | noses| (1+2)
R=1, as before integration, but need to check endpoints |X'1 <1 0<x<2

O0<x<2

lim

n—Cco

= lim

n—oo

= lim

n—co

let x=0: Limit Comparison Test let x=2 lim (-1)» =0

lim /(0+1) = lim _n_ = 1 " el

n-o 1/n n—eo (n+1) alternating series
since 1/n diverges, so does 1/(n+2) < 1/(n+1) IC: 0<x =2
1/(n+1) by Limit Comparison Test convergesatx=2  gained a pt.

Note: | disagree with online calculator for x=0. It assumes that there are alternating
P S Calculator signs, but the signs are not alternating bec. 2n+1 is always odd and (-1)z+1 is always <0

a Class Notes: Prof. G. Battaly, Westchester Community College, NY HW11.8 HW11.9 &
Calculus Home Page a8 8 lim Z
3 n—oo n=0
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Power Series; Functions as Power Series
11.8 Power Series; 11.9 Functions as Power Series

=1, (x=1)
+ 7
0
P

(=1  (x=1)° (x=-1)"' (x=1)°
T2 tts T tts T
0 g
!I
-1

» Algebra
Function

o f(x) = In(x)

®e(x)=x—-1

'gf

4

3

In x = 2(1)( x-1)nt —x1—(x1)2+(x1)3 (x-1)* + .
12

n+1
For R and IC, Use Ratio Test:
lim % =lim (x-1)"2 /(n+2) - lim x-D(n+1) | - |X 1|
n-o| g | noo| (k-1 /(n+1) | “n-oeo|  (n+2)
R=1, as before integration, but need to check endpoints [X-1|< 1 O0<x<2
let x=0: let x=2 lim (-1)2 =0
lim 1/(n+1) = lim —n_ = 1 T
n-w 1/n n-c (n+1) alternating series
1/(n+2) < 1/(n+1) IC: 0<x <2
converges at x = 2 gained a pt.
HW 118 HWIL9 &
o % Jim Z
n—oco "0

since 1/n diverges, so does

Class Notes:
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s

1/(n+1) by Limit Comparison Test
Prof. G. Battaly, Westchester Community College, NY

11.8 Power Series; 11.9 Functions as Power Series

Functions as Power Series
Find a power series representation for
f(x) = 1/(1-x)?

Recognize that 1/(1-x)? is the derivative of 1/(1-x)
2. Start with 1/(1-x) and rewrite the function in the form a/(1-r) and set equal

1.

to corresponding geometric series

_ P S Calculator
5 ] Class Notes:

Calculus Home Page

Prof. G. Battaly, Westchester Community College, NY HW 11. 8 HW 1.6 Z
n:

o0
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11.8 Power Series; 11.9 Functions as Power Series

Functions as Power Series
Find a power series representation for
f(x) = 1/(1-x)?

1. Recognize that 1/(1-x)? is the derivative of 1/(1-x).
2. Start with 1/(1-x) and rewrite the function in the form a/(1-r) and set equal
to corresponding geometric series.

g(x) = _1_ already in form needed a=1, r = x, and Z X" |x|<1,R=1
1-Xx =

n=0

' =f =;=d_ N n — N n-1
== =d S S

3
I}
<
=
1
=

©

3. For R and IC, this is a geometric power series Z N
which converges when |x| < 1 and diverges for |x| =1,  ©f _0(n+1 )X
so R =1 (same as for g(x)), and IC: (-1,1) "

P S Calculator -
3 Class Notes: Prof. G. Battaly, Westchester Community College, NY =~ HW 11.8 HW 11.9

Calculus Home Page a8 3
& n=1

11.8 Power Series; 11.9 Functions as Power Series

Z bn(x-c)" = bo+ bs(x-c) + by(X-C)? + ... centered atc

May lose endpoints when you differentiate a power
series and gain endpoints when you integrate.

P S Calculator
3\

[oe]
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