Taylor and Maclaurin Series April 26, 2017

11.10 Taylor and Maclaurin Series

Goals:

1. Recognize Taylor Series.

2. Recognize the Maclaurin Series.

3. Derive Taylor series and Maclaurin series
representations for known functions.

Study 11.10 # 1-11, 15, 19

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10
Calculus Home Page 3

11.10 Taylor and Maclaurin Series

Taylor Series for f at c:

Z ) c (x-c)n= f(c)+ f'(c)(x-C)+ f "(C)(x-C)2+.. +_(_)(X )+
n= 2|

centered at c
Maclaurin Series for f at c=0:

i fm)(0) xn = f(0)+f '(0)x + f "(0)x2 + ... + f™(Q)x"+...
n=0 n' 2' n'

centered at 0

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10
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11.10 Taylor and Maclaurin Series
Power Series: Infinite polyndmial.

i bn(X-C)" = bo+ by(x-C) + ba(x-C)2 + ... centered at c
. Explore derivatives:

f(x) = bo + b1(X-C) + ba(x-C)? + bs(x-C)® ...

f'(x) = 0+ b4+ 2b,y(x-c)+ 3bs(x-c)2+...+ nby(x-c)n1+..

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10

Calculus Home Page 3

11.10 Taylor and Maclaurin Series
Power Series: Infinite polynomial.

i bn(X-C)" = b+ b¢(x-C) + by(x-c)? + ... centered at ¢
- Explore derivatives:
f(x) = bo+ b1(x-C) + by(x-C)? + bs(x-C)* ...
f'(x) = 0+ by+ 2by(x-c)+ 3bs(x-C)2+...+ nby(x-c)™1+..
f"(x)=0+0+ 2b,+ 3-2bz(x-C)+...+n(N-1)bn(X-C)n-2+..
f " (X)=0+0+0+ 3-2b3 + 4.3-2b,(X-C) +...

+n(n-1)(n-2)bn(x-c)n-3 +..
fn(x)= n(n-1)(n-2)-+3-21 b,(Xx-c)nn+..

fn(x)= nlby(x-C)0 +.. Let x=c: terms in +... are O (have x-c)
f(x)= nlb. + Solve for by:
(X)— n'o, r.. bn= fﬂ_(g)
n!

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10
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11.10 Taylor and Maclaurin Series
Power Series: Infinite polyndmial.

Y bn(X-C)" = b+ by(x-C) + bo(X-C)2 + ...

centered at c

Substitute b, : b,= ir(ﬂg)

Z JJ(x o) = (0)+ F(e)xe0) + £ feloco) + £ lelicoy +
3.2

Taylor Series for f at c:

Prof. G. Battaly, Westchester Community College, NY HW 11.10

Class Notes:
3

Calculus Home Page

11.10 Taylor and Maclaurin Series

_ Taylor Series for f at c:

2, el (x-eyr =f(e) + F(0)pcc) + L)oo + { M(ereo) +..
3 2 centered at ¢

Can we use this to represent f(x) = In X as a series centered at 1?

need f '(x), f "(x), etc. and f'(1), f"(1), etc

f(x) = In x f(1) =In 1=
fi(x) = F(1)=
fr(x) = fr(1) =
f"(x) = f"(1) =
f9(x) = (1) =
f n( 1) =

ClassNotes: Prot. G Bataly, Westhster Communiey Callege, NY_HW 1110 ;;‘)
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11.10 Taylor and Maclaurin Series
Taylor Series for f at c:

i fi(g')(x'c)” = f(c)+ f'(c)(x-c) + f "(c)(x-c)? + f "'(c)(x-C)3 +...
o 2 3.2 centered at ¢

Can we use this to represent f(x) = In x as a series centered at 1?
need f '(x), f "(x), etc. and f'(1), f"(1), etc

f(x) =In x f(1)=In1=
f'(x) =1/x f(1)—1/1—1
f"(x) =-1/x2 f"(1)=-1/12=-1
f"(x) =2/x3 f"(1)=2/13= 2

fn(1) = (-1)""(n-1)!
f(x)=In x= z('”””(” DI x-1)0 = 0+ (x=1) - (x=1)2 + 2(x-1)3 +...

2 32
f(x)=In x=y L () = (x-1) - (102 + ()2 ..
n=1 n 2 3 0
Class Notes: Prof. G. Battaly, Westchester Community College, NY ' HW 11.10 ¢ Z >_‘
Calculus Home Page 3 n=0 =0

11.10 Taylor and Maclaurin Series
Taylor Series for f at c:

5" FC) (x-c)n = f(c) + '(0)(x-0) + F"(C)(X-G2 + f "(c)(x-C)+..
= nl! 2 32

centered at ¢

f(x)=In x:i (1)1 (x-1) = (x-1) - (2-1)2 + (x?:1)3
=1 N

Compare to result in 11.9, power series:  centered at 1

In X =Y (1)) = x-1 - (x=1)2 + (x=1)3 - (x=1) + ...
n+1 1 2 3 4
Can we represent_ln X as a power series?
Consider Integration: Find: Rand IC, Use Ratio Test:

L= Y (1)n(x-1)
X ”Z"oo( P(x-1) lim % x-1)*2 /(n+2 !x 12!n+12| IX_1I
| l_dx= [S (1yn(x=1)" dx =] a, DTN+ |~

R=1, as before integration, but need to check endpoints [x-1]<1 0<x <2

=lim

n—oo

n—>oo

n=0 n+1 noe 1/n . n—-o (n+1) 1/zzlrt1e+r3?tin§l]/?§2€];5)
etx=,In1 +o= Y 0 =0 | JESfidemm s emewsacz @
Inx= Z('1) (1) IC: 0<x =2
=0 n+1 gainedapt. =0
Thus, In x can be represented as a power series. HW11.10 °*° °

Class Notes: Prof. G. Battaly, Westchester Community College, NY @&
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11.10 Taylor and Maclaurin Series
Taylor Series for f at c:

Z JJ(X o) = (0)+ F(E)(ce) + L(eree + L (elxo) ..

3 2 centered at ¢

N ) =in x= S EDx-1) = (1) - (x-1)2 + (x=1) ..
Z(X)nxnzln 2 3

n=1

Compare to resultin 11.9, power series:  centered at 1

In x = Z -1 = %1 - (x-A2 + (x=1)3 - (x=1)4 + ..
n+1 1 2 3 4
0<x<2

1. Get same result.
2. Using the Taylor Series avoids the need to recognize

which function to start manipulating (integrating).
3. Either way, still need to identify R and IC, the Radius

and Interval of Convergence. d
f(x) 2,

_P S Calculator
3

HW 11.10 °
a

Class Notes: Prof. G. Battaly, Westchester Community College, NY

_Calculus Home Page
&

11.10 Taylor and Maclaurin Series
Taylor Series for f at c:

i _(_)(x -c)" = f(c)+ f'(c)(x-c) + f;(_)(x c)? + f"(c)(x-C)3 +...

3 2 centered at c

Represent f(x) = ex as a series centered at 0

fix) = e f0)= e =7
fi(x) = f'(0) =
f'(x) = f"(0) =
f"(x) = f"(0) =
fr(x) = fr(0) = centered at 0

P_S Calculator
a

Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10
a
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11.10 Taylor and Maclaurin Series
Taylor Series for f at c:
Z P x-cp = (o) + f(c)(x-c) + fe)oco) + £ e)ico) +..
3 2 centered at ¢
Represent f(x) = ex as a series centered at 0
fix) = e f(0) = eo =
f'(x) = ex f'(0)=e0 =
f"(x) = ex f"(0)=e0 =
f IH(X) = ex f '"(0) = g0 =
fr(x) = ex fn(0)=e =1 centered at 0
fx) = =i IXO= 1+ X+ X2+ X+ XA+ X5+ L+ X0+
! 2! 3! 41 5l n!
i [ Ant1 | = 15 [ XU /(NHD)! 2 xmtnl -
Tll_l;l;lo dn T!-l—)rrolo xn/n! n—I)IOlo Xnin+ | ;-I T nsoo 0<1
f(x) = ex converges for all x: R =, [C: (-, =)
_P S Calculator
“ Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10 e
';‘Calculus Home Page &

11.10 Taylor and Maclaurin Series
Taylor Series for f at c:

> PO = f(o) + F(e)(xe0) + £ eh(x-c + £ "(e)(x-clh.
n=0 ! 2 3-2 centered at ¢

f) =ex=y IX=ZTHX+XEH X X4 X2+ 4+ X2,
= n! 21 31 41 5l n!
centered at 0

Used c¢ =0, so actually a Maclaurin Series

Maclaurin Series for f at ¢=0:
Z n>(0) xn=f(0)+f'(0)x + f"(0)x2+ ... + fm(0)xn+...

centered at 0

HW11.10 °°

Prof. G. Battaly, Westchester Community College, NY
@
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11.10 Taylor and Maclaurin Series
Maclaurin Series for f at c=0:

iﬂWQXM#wHPmy+f%mﬂ+m+ﬂMQWt"
=0 n! 2! n!

Find the Maclaurin Series for f(x) = sin x.

f(x) = sinx f(0) =sin0 =0
f'(x) = f'(0) =
f"(x) = f"(0) =
f"(x) = f"(0) =
f@(x) = f4(0) =

and look for patterns

Class Notes: Prof. G. Battaly, Westchester Community College, NY
Calculus Home Page
&

fn(0) = ? write out some terms

]

centered at 0

HW 11.10

11.10 Taylor and Maclaurin Series
Maclaurin Series for f at c=0:

Find the Maclaurin Series for f(x) = sin x.

f(x) = sinx f(0) =sin 0 =0
f'(x) = cosx f'(0)=cos0 =1
f"(x) = -sinx f"(0)=-sin0 =0
f"(x) = -cosx f"™(0) =-cos 0 = -1
f"(x) = sinx f"(0)= sin0 =0

21 31 41 5l

(= x2n+t=x- x3+ x5 - ...+ (-1)x2n+1 + |
2n+1)' 3! 5l (2n+1)!

n 0 1 2 n

MS ’Ms

Class Notes: Prof. G. Battaly, Westchester Community College, NY

__Calculus Home Page
&

Z WMXW'WwaM+ K)ﬂ+.+ﬂwmwt_
n=0 n'

n>O xn=0+x+0x2 -x3 +0x4 + x5 ...+ fm(0)xn+...

centered at 0

L)
HW 11.10
&
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centered at 0

Hw11.10 °°

11.10 Taylor and Maclaurin Series
Find R, IC for f(x) = sin x.
Z (=1 x2n+1=x - x3+ X5 - .. -1)nx2n+1 -+
(2n+1)! 3! 5l (2n+1)!
lim |80+1 | = |im =lim =lim
n—oo an n—oo n—co n—Cco
_P S Calculator
6\
Class Notes: Prof. G. Battaly, Westchester Community College, NY
';Calculus Home Page &
&

11.10 Taylor and Maclaurin Series
Find R, IC for f(x) = sin x.

Z (1) xemt=x- x3+ X5 - ...+ (-1)x2n+! +

(2n+1)! 3! 5l (2n+1)!
lim | @n+1 | = lim [X22 /(2n+3)! | _]im | X223 (2n+ 1)) _
n—0ool g, n—oo|Xx2n*1/(2n+1)! “n—co X2”+1(2n+3)| N—co

P_S Calculator
= 1

Class Notes: Prof. G. Battaly, Westchester Community College, NY

L]

f(x) = sin x converges for all x: R ==, IC: (-

centered at 0

X2

n+ n+

=0<1

oooo)
J

HwiL.10 *°
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11.10 Taylor and Maclaurin Series
Z n)(O) xn=f(0)+f '(0)x + f"(0)x2+ ... + f(Q)xn+...
2! n!

centered at 0
n=0

Find the Maclaurin Series for f(x) = cos x.

f(x)=sin x = Z (DXt =x - X3+ X5 - .+ (-1)nx2+t +

(2n+1 ) 3! 8! (2n+1)! centered at 0
f'(x)=cos x = d fi)”x—zn”
(2n+1)'

f'(x)=cos x =

_P_S Calculator
7 ]
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10 et e
_Calculus Home Page &
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11.10 Taylor and Maclaurin Series

Find the Maclaurin Series for f(x) = cos x.

f(x)=sin x = Z A xent= X - X34+ X5 -+ (A)xet 4
(2n+1 )' 3! 5! (2n+1 )! centered at G

= d [ (x| = & (1)n(2n+1) xeo
f {(x)=cos x ZEZn)+;<)'] 5 1yien)

(1>nx2n :1-X_2+X_4-X_6+L8-
Fx)=cos x = Z 2n)! 2 41 61 8l

P_S Calculator
a
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10 0 e
__Calculus Home Page @
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11.10 Taylor and Maclaurin Series
Find R, IC for f(x) = cos x.
f'(X)=COSX= i_(_)_'1 nxan =1 'X_2+X_4'X_6+L8'
" (2n)! 2 41 B! 8l
n—oo an n—co n—co n—oo
_P S Calculator
6‘
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10 et e
';Calculus Home Page &
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11.10 Taylor and Maclaurin Series
Find R, IC for f(x) = cos x.

Fix)j=cos x = 3R =1 x4 xi-x0 430 -

< (2n)! 2 41 6 8l
lim | 8n0+1 | = 1im 2™ /@n+2)! _1im X2 20! | 14 X
e | T | | X 2| = ey
=0<1

f(x) = cos x converges for all x: R =, |C: (-», »)

P_S Calculator
A

L]
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10 *
Calculus Home Page @
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11.10 Taylor and Maclaurin Series

Find the Maclaurin Series for f(x) = (1 + x)k, k real number

f(x)= (1+x)k f(0) = 1
f'(x) = k(1+x)x-1 f'(0) = k
f"(x) = k(k-1)(1+x)k-2 f"(0) = k(k-1)
f"(x) = k(k-1)(k-2)(1+x)¥3 f"(0) = k(k-1)(k-2)

f"(x) = k(k-1)(k-2)(k-3)(1+x)+ [ ""(0) = k(k-1)(k-2)(k-3)

F)(X) = k(k-1)(k-2) (K-3)+(k-n+1)(1+x)n
f0(0) = k(k-1)(k-2)(k-3) - (k-n+1)

n=0

: . - (k
n n=\" K(k-1)(k-2) ... (k-n+1) xn = n
5 io)0= 3 ik 1)k (n"')x_Z(n)x

n=0 n!

n=0

_P_S Calculator
3\

L]
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10 ¢ °
Calculus Home Page &
&

11.10 Taylor and Maclaurin Series
Find R, IC for f(x) = (1 + x)k

n=0 n=0

i fin(0) xn = i k(k-1)(k-2) --+ (k-n+1) yn = i (k) 0
n! w0 n! n

lim | @n#1 | = | | K(k-1)...(k-n)xe+t (n+ 1) | _ i | (k=) X
n-o| g il_r)?o|k(k-1)...(k-n+1)xn/n! | lim | —
=|x| <1

f(x) = (1 + x)k converges |x|<1 R=1, IC: (-1, 1)

Includes endpoints when:

-1 <k <0 converges (-1, 1]
k=0 converges [-1, 1]

P S Calculator

L]
Class Notes: Prof. G. Battaly, Westchester Community College, NY HW 11.10 *
Calculus Home Page @
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